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Abstract

In this thesis we study the pluricomplexr Green function with logarithmic pole at
infinity, Vx4, for a subset X of C" and a weight function ¢ on X. We study
the continuity properties of Vx , with respect to X and ¢. If K is compact and ¢
continuous we show that Vi , coincides with log @k ,, where @ , is Siciak’s extremal
function.

We prove Siciak’s approximation theorem for holomorphic functions, which gives
a necessary and sufficient condition for a holomorphic function to have a holomorphic
extension to a sublevel set of the Green function and the largest sublevel set where
an extension exists.

A proof of a disc formula for the Green function is presented when X is an open
domain and ¢ upper semicontinuous. This allow us to evaluate the Green function

using analytic discs in the complex projective space P".
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Agrip

I pessari ritgerd skodum vid Green-fallid med lograskaut ¢ dendanlegu, Vx ¢, fyrir
hlutmengi X i C" og vigt ¢, sem er fall 4 X. Vid skooum samfelldniskilyroi fyrir
Vx 4 baedi me0 tilliti til X og ¢q. Ef K er bjappad og g samfellt ba synum vid ad Vi 4
er jafnt log ®x 4, bar sem P , er utgildisfall Siciaks.

Vid sénnum nalgunarsetningu Siciaks fyrir faguo {6ll, en hin gefur naudsynleg og
naegjanleg skilyroi fyrir faguo {61l svo pau hafi figada framlengingu yfir 4 undirgildis-
mengi Green-fallsins og staersta undirgildismengio bar sem slik framlenging er til.

Loks sonnum vio skifuformulu fyrir Green-fallid pegar X er opid svaedi og ¢
halfsamfellt ad ofan. Petta gefur okkur aoferd til pess ad reikna it gildi Green-

fallsins med faguoum skifum i tvinnvarpraminu P".
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Introduction

In this thesis we start by defining the pluricomplex Green function with logarithmic
pole at infinity, Vx 4, for a subset X of C" and a function g on X. The function Vx,
is also called the Siciak-Zahariuta extremal function and the global extremal function
for X and ¢. First we have to state some necessary properties of plurisubharmonic
functions and introduce the Lelong class of plurisubharmonic functions. This enables
us to study the continuity properties of Vx, with respect to the set X and the

function ¢, which is the main subject of Chapter 2.

In Chapter 3 we show that Vi , coincides with log ® ,, when K is a compact set
and ¢ is continuous, where @ , is Siciak’s extremal function introduced in [21]|. Then
we prove Siciak’s approximation theorem for holomorphic functions, which is the
main catalyst for the studies of the pluricomplex Green function. The theorem gives
a necessary and sufficient condition for a holomorphic function to have a holomorphic
extension to a sublevel set of the Green function and it gives the largest sublevel set

where an extension exists.

Finally, in Chapter 4, we present a proof of a disc formula for the Green function
when X is an open domain and ¢ is an upper semicontinuous function on X. This
allows us to evaluate the Green function using analytic discs in the complex projec-
tive space P". The disc formula is a generalization of a formula proved by Larusson
and Sigurdsson [13], which gives a disc formula for the pluricomplex Green func-
tion when ¢ = 0. This work continues the theory of disc functionals initiated by
Poletsky in [18]. Disc functionals give a new way to look at extremal functions such

as the pluricomplex Green function: instead of taking the supremum over a class of
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plurisubharmonic functions with some suitable properties, we look at the infimum

of a disc functional over a class of holomorphic discs.

1.1 Historical background

1.1.1 Polynomial approximation

When studying polynomial approximation of functions defined on a subset of R",
the WeierstrafS approximation theorem gives a very strong result. It states that if f
is a continuous function on a compact subset K of R", then for all £ > 0 there exists
a polynomial P in real variables which satisfies |f(z) — P(z)| < ¢ for all z € K.
When we look at functions defined on subsets of C" we get less satisfactory
results. Then Weierstrals’s approximation theorem fails, since it is not possible
to approximate all continuous functions defined on a compact subset of C" with
polynomials in complex variables. However, a classical result from every elementary
course on complex analysis states that a holomorphic function on a disc in C can
be approximated uniformly on compact sets of the disc by partial sums of its power
series. The natural question arises if this holds for more general sets in C. The
Runge theorem gives an answers to this question, in its simplest form it says the

following;:

If K is a compact subset of C such that C\ K is connected, then every function
holomorphic in an open neighbourhood of K can be approximated uniformly on K

by polynomials.

The Runge theorem comes in many different versions, giving a wide variety of
results regarding both polynomial approximation and approximation with rational
functions, see Remmert [19] Chapters 12-13. Note that the conditions in Runge’s
theorem are only topological.

There exists also a Runge theorem for several variables. Then conditions on the
set K are not purely topological as in one dimension but depend also on pseudocon-
vexity, see Krantz [10] Corollary 5.4.3.

It is a natural question whether the conditions in Runge’s theorem can be relaxed,
is it sufficient that f is holomorphic inside of K and continuous on K7 Almost
seventy years after Runge’s theorem appeared, Mergelyan showed that this was the

case, see Greene and Krantz [2] Theorem 12.2.1. His theorem states the following:



1.1 Historical background 3

If K is a compact subset of C such that C\ K is connected, then every func-
tion continuous on K and holomorphic on the interior of K can be approximated

uniformly on K by polynomials.

We will show that polynomial approximations are tied to holomorphic functions
in another way than described in Runge’s theorem. That is, how this approximation
can help us giving some answers to the important question: If f is a holomorphic
function in a neighbourhood of a compact set K C X, what is the largest open set
to which f can be extended holomorphically? It turns out that this is closely related

to the polynomial approximations of f on K.

1.1.2 The Dirichlet problem

Another problem from complex analysis of one complex variable is the classical
Dirichlet problem. If €2 is a bounded open subset of C and f € C(912), then we seek
a function v harmonic on € such that u|sq = f. This problem can also be defined
for the compliment of €2, assuming f = 0, it is of the following form:

For a compact set K in C, find a function gx : C — R, such that

Agk =00on C\ K,

gxlox =0,

gi(2) ~ log |z| when |z| — oc.

This can be formulated using the classical Dirichlet problem for bounded sets, be-
cause finding gy is equivalent to finding a function wg such that Awg = 0 on @\K
and wi(z) = —log|z| for z € OK. Then gx(z) = log|z| + wk(z). Here we let
C=cCuU {o0} be the Riemann sphere, or the complex projective space of dimension
one, P!. The space P" is defined as the set of all complex lines in C**!. That is,
we define the equivalence relation ~ on C"*!\ {0} such that z ~ w if and only if
z = Aw for some \ € C, then P" is defined as the set of all equivalence classes.

The simplest example of the Dirichlet problem is when K is the closed unit disc
D, then obviously g5(z) = log |z|.

When working in C we have the powerfull Riemann mapping theorem which
states that if U is a simply connected open domain of C such that the compliment
@\U contains at least two points, then there is a biholomorphic mapping ¢ : U — D.
Furthermore, if p € U then ¢ can be chosen such that ¢(p) = 0 and is then uniquely
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determined up to rotations.

Let x : C — C be the following biholomorphic function

N =

if z€ C\ {0}
xX(z)=<¢ 0 ifz=00

oo ifz=0.

Assume that K C C is a connected and simply connected compact set and let
U=C \ K. Then U is a simply connected open set in C containing oo and by the
Riemann mapping theorem there is a biholomorphic function ¢ : U — D such that
¢(c0) = 0. Define ¢ : C\ K — C\D, ¢ = x 0 and note that ¥(c0) = co. Since ¢
is biholomorphic, ¢'(c0) # 0, that is \ﬁ/d is bounded when |z| — oo. This results
in [(2)| = O(]#]) as |z| — oco. Then log || is harmonic and log || ~ log|z|. The
function ¢ is continuous and proper, so |1)(z)] — 1 when z — 0K. We have then
derived a solution of the Dirichlet problem, namely gx = log [¢].

Let’s look at the specific example when K is the interval [—1, 1] on the real axis.
Then the function 1) above is given by z — z++/22 — 1, from C\ K to C\D. It is the
inverse of the Joukowski transform, w +— 1(w + 1), which maps both D and C\ D
onto C\ K. The solution to the Dirichlet problem is then gx = log|z + v/2% — 1|.

For a detailed discussion about these subjects see for example Krantz [9], Kellog
[7], and Nehari [17].

1.1.3 Walsh approximation theorem

We now wish to tie together the Dirichlet problem discussed above and extensions
of holomorphic functions. This is done by looking at the sublevel set of the solution
to the Dirichlet problem. We will denote the sublevel sets as Qr = {z € C\ K :
gk (2) <log R} and their boundary Kr = {z € C\ K : gx(z) = log R}.

This result is due to Walsh and can be found in his detailed book about approx-
imations and interpolation in C, |24].

Theorem &5 in [24], §4.5: Let K be a compact set of C such that C\ K is
connected and the Dirichlet problem for C\ K is solvable. If f is holomorphic in a
neighbourhood of Qz, then there exist polynomials P, of degrees < d and a constant

M such that u
If = Pallc < -
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There is also a kind of converse to this theorem:

Theorem 6 in [24], §4.6: Let K be a compact subset of C such that C\ K is
connected and the Dirichlet problem for C\ K is solvable. Assume f is holomorphic
in a neighbourhood of K and there are polynomials P, of degree < d, a constant M
and a R > 1 such that

M
Hf—PdHKgﬁ, for all d > 1.
The sequence P, is then uniformly convergent on all relatively compact subsets of

Qr and f then extends to a holomorphic function on 2.

When we look at the solution log |¢| to the Dirichlet problem obtained by the
Riemann mapping theorem in the previous section we see that Kr = {z : |[¢(2)| =
R} =¢71(9B(0, R)). In the example above where K = [—1,1], 1) was given as the
inverse of the Joukowski transformation. Then Kp is the image of the circle with

radius R and center 0 under the Joukowski transformation. These curves are ellipses
with foci £1 and semiaxes (R + 1/R) and (R — 1/R).

1.1.4 Subharmonic functions and the Perron method

When looking at ways to generalize Walsh’s theorem to higher dimensions we have
to look at different methods than were used in Section 1.1.2, since the Riemann
mapping theorem fails for C", n > 1. This method is provided by the Perron
method, ( [3] §2.6), which is easily generealized to C" as the Perron-Bremermann
method ( [8], page 89).

The Perron method is used to solve the Dirichlet problem using subharmonic
functions. Subharmonic functions are those functions which satisfy a certain con-
vexity property with respect to harmonic functions. Namely, an upper semicontin-
uous (see Definition 2.1.1) function w on an open subset Q in C is subharmonic if
the following is satisfied: For a compact set K C 2 and h € C(K) harmonic inside
of K, then u < h on 0K implies u < h on K.

The reason for using subharmonic functions is that they are closely connected to
harmonic function but more flexible and less fragile in some sense. Perron’s method

provides a solution to the Dirichlet problem in the following way:

Let ©2 be a connected open set C, and f a continuous function on the boundary,
090, of . We define the class U(f) as all subharmonic functions u on 2 such that
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lim supgs, ., u(z) < f(2) for all zy € 0.

Under certain regularity conditions on 052, the function v, given by

v(z) = sup u(z), z €€,
uelU(f)

is a solution of the Dirichlet problem, see Hayman and Kennedy [3] Theorem 2.11.

Note that harmonicity and subharmonicity are real-variable properties. They
are however of importance in C, which we can identify with R2. If f is holomorphic
then Re(f) and Im(f) are harmonic, and conversely a harmonic function is locally
the real part of a holomorphic function. Furthermore, subharmonicity is invariant
under composition with holomorphic functions on connected domains.

When in C", n > 1 things get harder. For example, subharmonicity is not
invariant under holomorphic composition and there are harmonic functions which
are not the real part of a holomorphic function. The class of subharmonic functions
is therefore too large when n > 1. The solution is to introduce the plurisubharmonic
functions, which are the functions that are subharmonic along every complex line.
In C the plurisubharmonic functions coincide with the subharmonic functions and
when n > 1 they are a subclass of the subharmonic functions. The plurisubharmonic
functions are therefore a natural extension of the subharmonic functions to higher
complex dimensions and they are the functions we will use when introducing the
pluricomplexr Green function. This function will play the role of gx in Siciak’s
approximation theorem in Chapter 3, which is a generalization of Walsh’s theorem
to C™.



The pluricomplex Green function

This chapter is devoted to the pluricomplex Green functions and their properties.
We start by introducing plurisubharmonic functions and a special class of them,
called the Lelong class. We study some properties of the Lelong class and then use
it to define the pluricomplex Green function Vx,, for a set X C C" and a weight
function ¢ on X. The results about plurisubharmonic functions and the Lelong
class then enable us to acquire some information about the continuity of the Green

function with respect to the set and weight in question.

2.1 Plurisubharmonicity

2.1.1 Semicontinuity and subharmonicity

Although there are similarities between convex functions and subharmonic func-
tions, there is one fundamental difference, subharmonic functions do not need to be
continuous. They are however upper semicontinuous, a weaker condition than con-
tinuity. Here will we look at the most important properties of upper semicontinuous

and subharmonic functions needed for our study of plurisubharmonic functions.

Definition 2.1.1 Let (€2, d) be a metric space. A function u : Q@ — RU {—o0} is
said to be upper semicontinuous if {z € Q : u(z) < r} is open for every r € R. A
function u is lower semicontinuous if —u is upper semicontinuous.

Upper semicontinuity of u is equivalent to limsup, . u(z) = u(z) for every

zo € Q, where limsup,_,, u(z) = inf.o { sup{u(z) : z € Q,d(z, z) < £}}, that is

7
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for every a > u(zp) there is an € > 0 such that u(z) < « if d(z, zp) < €.

Note that a real valued function is continuous if and only if it is both lower- and

upper semicontinuous.

Definition 2.1.2 For Q C C" let u : 2 — RU{—o00} be a function which is locally
bounded from above. Then u* defined on Q by u*(zp) = limsup, ., u(z) is called

the upper semicontinuous reqularization of u.

The function u* is upper semicontinuous, moreover v < u* and if v is an upper

semicontinuous function such that v < v, then u* < v.

Proposition 2.1.3 (Prop. 2.3.1 in [8]) If u is an upper semicontinuous function on
a compact set K, then u is bounded above and there is a point where it attains its

maximum.

Another well known property of upper semicontinuous functions is the following.

Proposition 2.1.4 (Prop. 2.3.3 in [8]) If u is an upper semicontinuous function on
a compact set K, then there is a decreasing sequence of continuous functions {u;}

converging to u.

Remember that a function u € C*(2) on an open set Q C C is called harmonic
if
0%u 0%u 9%u
Au(z) = Z2(2) + S2(2) =4 _ _etigeq.
u(z) = 55(2) + o (2) =45 -(x) =0,  z=z+iye

Definition 2.1.5 Let Q C C be open and u : Q — RU{—o00} be an upper semicon-
tinuous function. The function w is said to be subharmonic if for every compact set
K C Q and every function h € C(K), harmonic on the interior of K, the following
holds:

if wu<honOK then u < hon K.

Obviously every harmonic function is subharmonic.

Although this definition is lucid and describes the convexity property of sub-
harmonic functions it is not always very usefull in the context of real and complex
analysis. But as harmonic functions are characterized by the mean value property,

the subharmonic functions are characterized by the sub-mean value property.
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Proposition 2.1.6 (Th. 2.1.4 in [10|) Let u be an upper semicontinuous function
on () C C. Then u is subharmonic on () if and only if

1
ula) < — u(z)do(z
@S g [ wl)dot2

holds for every B(a,r) C Q, where o is the arc Iength measure on B(a,r).

It is also possible to define subharmonicity using the Laplacian, but since a
subharmonic function is not necessarily twice differentiable this has to be done in

the sense of distributions.

Proposition 2.1.7 (Prop. 2.1.10in |10] and Th. 2.5.8 in [8]) Let u : 2 — RU{—o0}
be a subharmonic function on an open set 2, and assume u is not identically —oo on
any connected component of 2. Then u is locally integrable, u=(—oc) has Lebesgue

measure zero and Au > 0 in the sense of distributions, i.e.,

/Qu(z)Ago(z) d\(z) >0

for all non-negative test functions ¢ € C°(52).
Conversely, if u is locally integrable and Au > 0 in the sense of distributions,
then there is a subharmonic function equal to u almost everywhere. Here A denotes

the Lebesgue measure on C.

Note, if u € C*(Q2) is subharmonic, then Au > 0 means that

32

Au(z) = 48282u

(z) >0, z €
The following provides a kind of converse of Proposition 2.1.6.

Proposition 2.1.8 (Th. 2.5.9 in [8]) Let u be a locally integrable function on an
open set {2 C C such that

1
u(a) < — u(z) do(z)
27r 0B(a,r)
for all B(a,r) C Q. Then there is an unique subharmonic function on € equal to u

almost everywhere.
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We have shown here three equivalent conditions for subharmonic functions, con-
vexity with respect to harmonic functions, the submean-value property (Proposition
2.1.6) and that the Laplacian is non-negative in the sense of distributions (Theorem
2.1.7).

Finally, we present Hartogs lemma, which can be of great value and provides a

key step in proving Hartogs’ theorem about separate analyticity.

Theorem 2.1.9 (Th. 2.6.4 in [8]) Let {u;}, be a sequence of subharmonic functions
on an open set 0 C C which is locally uniformly bounded above. Assume there is a
constant M such that

limsupu;(z) < M, z €.

Jj—00
Then for every € > 0 and every compact set K C €, there is a j, € N such that for
J=Jo
Jujllx < M +e.

2.1.2 Plurisubharmonicity

Here we list the properties of plurisubharmonic functions needed for our studies of
the pluricomplex Green function. The proofs and a detailed survey of the theory of

plurisubharmonic functions can be found in Klimek, [8].

Definition 2.1.10 Let Q C C" be open and u : @ — R U {—oc} be an upper
semicontinuous function. The function w is said to be plurisubharmonic if for every

a, 3 € C", the function
¢ = ula+¢p),

is subharmonic on {¢ € C: a+ (0 € Q}. The family of plurisubharmonic functions
on an open set Q will be noted by PSH(Q).

The set of plurisubharmonic functions is a subset of the subharmonic functions,
looking at subharmonicity in C" as in R?", coinciding only if n = 1.

The functions log|f| and |f|P, p > 0, where f : & — C™ is a holomorphic
function, are examples of plurisubharmonic functions. It is also obvious that both
the sum and the maximum of a finite number of plurisubharmonic functions are

plurisubharmonic and that plurisubharmonicity is invariant under multiplication
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with a positive constant. If fi,..., f, are holomorphic functions and vi,...,, are

positive constants, then
log(IA]™ + -+ /™)

is plurisubharmonic. Also, if f : & — C™ is a holomorphic map and w is plurisub-
harmonic on the image of f then u o f is plurisubharmonic.

Another class of plurisubharmonic functions are the following. Let w C R™ be an
open set and @ = w @ iR", a tube domain. Assume @(x + iy) = ¢(z) is a function
depending only on = € w. Then the function z — ¢(z) is plurisubharmonic on 2 if
and only if = +— ¢(x) is convex on w.

The following properties are consequences of corresponding properties for sub-

harmonic functions.

Proposition 2.1.11 (Cor. 2.9.9 in [8]) If u is plurisubharmonic on an open con-

nected set €2 and there is a z € Q such that u(z) = supg u, then u is constant on
Q.

Proposition 2.1.12 (Cor. 2.2.6 in [10]) If w is plurisubharmonic on Q and ¢ :
R — R is convex and monotonically increasing, then @ owu is plurisubharmonic (here

o(—00) is understood as lim;_,_, p(t)).

Proposition 2.1.13 (Th. 2.9.14(ii) in [8]) If {u;}; is a decreasing sequence in
PSH(Y), then lim; o u; is in PSH(L).

Proposition 2.1.14 (Th. 2.9.14(iv) in [8]) Let F C PSH(S?) be a family of plurisub
harmonic functions which is locally bounded above and u(z) = sup,.zu(z). Then

u* € PSH(Q).

If u € PSH(Q) NC?(Q) then it follows from Proposition 2.1.7 that

2 n 82

0
—u(z + g = W >0
3C3CU(Z Cw)|¢=o ];1 82j63ku(z)w]wk >

1
Zﬁcu(z + Cw)|¢c=0 =

for all z € Q and w € C". Proposition 2.1.7 has the following generalization to

higher dimensions.

Proposition 2.1.15 (Cor. 2.9.10 in [8]) If a function u is plurisubharmonic on an

open set §) and not identically —oo on any connected component of €0, then u is
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locally integrable, u='(—oc) has Lebesgue measure zero, and

n
9%u
—w;wy, > 0, w e C",

in the sense of distributions, i.e.,

———w; Wi d\ > 0
/Qu ];1 azj Iz oI o

for all non-negative test functions ¢ € C*(Q2), and all w € C™.

Conversely, if v is a real valued distribution on €2 such that

n
0%

= 0z; 07,

w;wy, > 0, w e C",

in the sense of distributions, then there is an unique plurisubharmonic function u
representing v, i.e., v(¢) = [up dX for all test functions ¢ € C>°(Q2). Here X denotes

the Lebesgue measure on C.

Convolution is a standard operation for regularizing functions and distributions
and it works well for plurisubharmonic functions.

If @ € C"is open and u € PSH(2), let w be a non-negative function in C2°(C")
with support in the unit ball. Set ws(z) = 6 *"w(d~'2) for 6 > 0. If w is radially

symmetric, i.e., if w only depends on |z| and [, wdX =1, then

uxws(z) = /Qu(z —y)ws(y)dA(y) = /QU(Z/)%(Z —y)dA(y)

is well defined for all z € Qg, where Q5 = {2z € Q : d(2,9°) > §}. Furthermore,
u*ws € PSH(Qs) NC>®(Qs) and for every z € Q the function 6 — wu * ws(z) is
increasing in the open interval where it is defined and u(z) = lims_o u *ws(2). If we

take a decreasing sequence 0; \, 0 we get the following.

Proposition 2.1.16 (Th. 2.9.2 in [8]) Let 2 be an open subset of C" and u a
plurisubharmonic function on ), then for every 6y, > 0, there exists a decreasing
sequence {u;}; in PSH({s,) N C>®(Qs,) such that u;(z) — u(z) for all z € Qs,.

If 2 = C", then of course Q5 = C" for every § > 0.
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Definition 2.1.17 A set £ C C" is called locally pluripolar if each point a € E has

an open neighbourhood V' and there is a plurisubharmonic function v on V' such
that ENV C{z €V :v(z) = —o0}. Aset £ C C"is called (globally) pluripolar if
there is a function v € PSH(C") such that £ C {z € C" : v(2) = —o0}.

Josefson [6], showed that locally pluripolar sets are globally pluripolar. Obviously
globally pluripolar sets are locally pluripolar, hence these conditions are equivalent.
Good examples of pluripolar sets are the zero sets of holomorphic functions, because

log | f| is plurisubharmonic if f is holomorphic.

Theorem 2.1.18 (Th. 2.9.22 in [8]) Let Q@ C C" be open, F C § closed, and
assume there is a function v € PSH(SY) such that FF C {z € Q : v(z) = —oo}. Then
every u € PSH(Q2\ F), which is locally bounded above near each point of F, can
be extended to u € PSH(S)), and  is given by the following formula

ﬂ(z):{u(z), z€Q\F,

lim supg, s, ., u(y), 2 € F.

2.1.3 Polynomials, homogeneity and balanced sets

This section contains some results regarding polynomials, homogeneous and holo-
morphic functions, and also their connection with balanced sets. The results here

will play a vital role in Chapter 3.

Definition 2.1.19 A set £ C C" is called n-circular if for every a € E, all points
z € C" such that |a| = |z| are in E, circular if for every a € E, Aa € E for all A € T,
and balanced if for every a € FE, Aa € E for all X € D.

We will denote the polynomial hull of a compact set K by
K ={zeC":|p(z)| <|p|x for all polynomials p}.
Lemma 2.1.20 If K is a balanced compact subset of C", then
K ={zeC":|Q(2)| < ||Q||x for all homogeneous polynomials Q on C"}.

Proof: For proving that the right hand side is included in K we take b in the right

hand side and a non-constant polynomial P. Then we can write P = Z?:o Qj, Q;
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a homogeneous polynomials of degree j or identically zero. For every z € K we
apply the Cauchy estimate |D? f(a)| < jl||fllop(a, /" to the holomorphic function
A Pz) = Y0 0Q(02) = S0 NQ;(2) with a = 0 and r = 1. Tt yields
1Q;(2)| < IPllprenery < ||P]|k since K is balanced. Since this holds for every z € K
it implies |P(b)| < Z?:o 1Q;(b)| < Z?:() 1Q;llx < (d+ 1)||P|/k, and consequently

PO < (d+1)"PY"
Applying the same argument to P*, kK =1,2,... shows that
[PO)[YE = [PEb)[YM < (kd + 1)V PR = (kd + 1)) P,

and therefore |P(b)| < limy_.oo(kd + 1)Y/*||P||x = || P||x showing b € K. The other

inclusion is obvious from the definition of the polynomial hull K of K. ([l

Theorem 2.1.21 Let 2 be a balanced open neighbourhood of the origin in C"
and f a holomorphic function on (2, then there are homogeneous polynomials P; of

degree j such that
(0.9]
f=2_B
j=0
and the series is uniformly convergent on compact subsets of ().

Proof: Find r > 0 such that the polydisc P(0,r) is in Q and expand f in a power

f(Z) = Z aaz",

a€Zly

series

which is absolutely and uniformly convergent on P(r,0). Define for j € Z,
Pi(z) = Z Ao 2%
lo]=7

Then P; are homogeneous polynomials on C" of degree j.
For a compact subset K of €, let ¢ > 1 be number such that t?/ C Q and define
plurisubharmonic functions u; = |P;|*/7 on C*. By uniform convergence on P(r,0)

there is a number M > 0 such that || P[5, < M for all j > 0, so for all j we have

u;(2) SMl/jLﬂ, zeC",



2.1 Plurisubharmonicity 15

and the family {u;} is locally uniformly bounded above. For z € Q, find s > 1 such
that the set {\z : A € D(0,s)} is relatively compact in 2, this is possible since
is balanced. The function A — f(\z) is then holomorphic on D(0, s), and thus the

series

fO2) =3 Bi(A2) =3 Bi(2)V,

is absolutely convergent for |A\| < s. This means that the radius of convergence of

this power series in A is greater or equal to 1 and we get

Jj—00 Jj—00

for all z € Q. By Hartogs lemma, (Theorem 2.1.9), there is a jo such that if j > jo
then

u;(z) < t, 2z € t?K.
Then for z € K and j > jo we have |Pj(z)| = t%|P;(t*z)| < t77, therefore the series
> P; is uniformly convergent on K. U

Definition 2.1.22 Let H'} be the family of all functions u € PSH(C") which are
non-negative and complex homogeneous of degree 1, i.e., u(Az) = |A|u(z) for A € C

and z € C", and not identically zero.

We have seen how convolution can be used to regularize plurisubharmonic func-

tions. Now we present a related method for regularizing homogeneous functions.

Theorem 2.1.23 If v € H’} there is a family {us}s~o of continuous functions in
HY N C>(C™\ {0}), such that us \, u as 6 — 0.

Proof: Let C™ "™ be the space of all complex n x n matrices and I the identity
matrix in C™*". Let ¢ € C°(C™™) be radially symmetric, non-negative and such
that [i.,., o d\ = 1. For § > 0 set p5(A) = 672" p((A — I)/6) and define

us(z) = /(Cnm u(Az)ps(A) dA(A), z e C". (2.1)

The plurisubharmonicity of us follows by substituting the integral in (2.1) into

- 27

1 2T ]
us(a) < _/ us(a+be®)dd,  abeCr
0
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and then change the order of integration. Note that us is homogeneous and therefore

continuous at zero. If U € Li, (C"*™), then we define a function U; as before by
Us(Z) = / U(AZ) ps(A)dN(A),  Z € T

If Z € GL,(C), then the real determinant of the linear map A — AZ is |detZ]*",

so a change of variable B = AZ gives
Us(Z) = / U(B) ¢s(BZ 1) |detZ| 2" dA\(B).
(C?'LXTL

The function GL,(C) > Z — ¢s(BZ7Y)|detZ|™ is in C*(GL,(C)) and it follows
that Us € C(GLy(C)).

Our function u defines a function U in L; (C™") by U(Z) = u(Z;), where
7y is the first column of the matrix Z. Clearly, Us(Z) = us(Z;) and therefore
us € C*(C™\ {0}).

To show that us \, v when § — 0, we change the variable A in formula (2.1) to
B =(A—-1)/J, then

us(z) = /(Can u(z + dBz) p(B) dA\(B).

Since ¢ is radially symmetric there exists ¢ € Ci°(R) such that p(B) = ¢(|B]).

Then, using polar coordinates,

us(z) = /000 </Su(z + drwz) dw>w(7’) dr,

where S is the unit sphere in C"*". The sub-mean value property of v shows that
the inner integral is an increasing functions of ¢, see [10], Lemma 2.1.17. By taking
the limit under the integrals it follows that us “\, u, as 6 — 0. O

2.2 The Lelong class

We start by defining the Lelong class of plurisubharmonic functions. This class is
the cornerstone for the studies of the pluricomplex Green functions, in the same

sense as polynomials are for Siciak’s extremal function @, [21].
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Definition 2.2.1 A function u € PSH(C") is said to be of logarithmic growth if

there is a constant C such that
u(z) <log™ |z| + C, z e C",

where log™ z = max{0,logx}. The family of all such functions is called the Lelong-

class and denoted by L.
Every function of the form @ log | P| where P is a polynomial on C" is in L.

It is convenient in Chapters 3 and 4 to have special notation for points in C"*! =
C x C", namely, we write Z = (20, 2), where z; € C and z € C".

In some cases we identify C" with the hyperplane {1} x C"* C C"*! and view a
function o on C™™ as an extension of a function v on C" if 9(1,2) = v(z) for all
zeCm

As mentioned in Chapter 1, the complex projective space P" is defined as the

space of all complex lines in C"*!. We define the natural projection (2o, ..., z,) —
[0+ -+ 1 2,) by m: C*1\ {0} — P". We identify C" with the subspace of P"
consisting of all [z : -+ : 2] with z5 # 0, and we write the values of the projection

7 as m(20, 21, -+, %n) = (21/20,---,2n/20). The hyperplane at infinity H,, in P" is
then the projection of the set {Z = (2¢,...,2,) € C"! : 25 = 0}. We can therefore

view P" as the union of C" and H.

Proposition 2.2.2 A function u € PSH(C") is in the Lelong class L if and only

if the function
Z=(20,...,2n) — uom(2)+log|zo| = u(z1/20,...,2n/20) + log | 20| (2.2)

extends as a plurisubharmonic function from C"™'\ {Z : zo = 0} to C"*1\ {0}.

Proof: If w € £ and we let ¢ : C"™' \ {0} — R U {—oc0} denote the function

Z +— log|zo| then wom + ¢ is obviously plurisubharmonic on C"*'\ {Z : zy = 0}, and

u(21/z0, - - -, 2n/20) + log |2

< log" |(21/20, ..., 2n/20)| +log|zo| + C

1
10g+(w (z1,...,2)|) + log |z + C

log® |(21,...,2,)| + C

won(z) + p(2)

IN
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so uom+ ¢ is locally bounded above near each point of the form (0, w), w € C*\ {0}
and extends therefore to a plurisubharmonic function on C"*'\ {0} by Theorem
2.1.18.

If uom+ ¢ extends to a plurisubharmonic function on C**1\ {0} then z —
u(z) =uom(l,z)+ (1) is plurisubharmonic on C". For z = (2y,...,2,) € C*\ {0}
let zg = ﬁ, then w o (2o, é) + log |20] is locally bounded above.

Let K = B(0,e) x S™ be a compact subset in C" where ¢ > 0 and C are chosen
such that u o m(z, ﬁ) +log |z0| < C on K, that is

u(z) <log™ |z| + C, for |z| large enough .

As for plurisubharmonic functions, we define the polar set for L.
Definition 2.2.3 A set £ C C" is called L-polar if there exists u € L such that

ulp = —o0.

Proposition 2.2.4 (Prop. 5.2.1 in [8]) Let U C L be a non-empty family and
u(z) = sup{v(z) : v € U}, a function on C". If {z € C" : u(z) < +oo} is not
L-polar then the family U is locally bounded above and u* € L.

Proposition 2.2.5 (Prop. 5.2.3 in [8]) If /' := U2, E; is the union of countably
many L-polar sets then E is L-polar.

Theorem 2.2.6 (Th. 5.2.4 in [8]) Pluripolar sets are L-polar.

As noted previously, Josefson [6] showed that locally pluripolar sets are indeed
globally pluripolar. This, along with the theorem above and the obvious observation
that L-polar sets are globally pluripolar shows that the following properties are
equivalent for a set £ C C",

(i) E is locally pluripolar,
(ii) F is globally pluripolar,
(iii) £ is L-polar.

As with plurisubharmonic and homogeneous functions we wish to able to ap-
proximate functions from the Lelong class with smooth functions from the same

class.
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Theorem 2.2.7 If u € L there is a decreasing family {us}s~o of C* plurisubhar-

monic functions in £ such that us \, u.

Proof: We define ws and ugs as before the statement of Proposition 2.1.16. Then we
only have to show that us € £. We have supp(ws) C B(0,9) and fB(Z 5 Wa dA = 1.

Hence,

/U(z—wwa(y)dk(y)é sup u(y) < sup log" |y[+C <log™ |z[ + 9+ C.
n yEB(z,9) yEB(z,0)

O
The next theorem can be found in Klimek [8] Theorem 5.1.6.

Theorem 2.2.8 Let h : C" — [0, +o0[ be a function not identically 0 and u : C"* —

[—00, +00o[ a function not identically —oo. Then

(i) If h € H" is continuous and h™='(0) = {0}, then
h(z) = sup{|Q(2)[/ 49}, zeCn, (2.3)

where the supremum is taken over all complex homogeneous polynomials ()
such that |Q[/ 4% < h in C™.

(ii) The function h is in ‘H'} if and only if

h = (hmsup |Qj|1/j)

J—00

for some sequence {Q;} of complex homogeneous polynomials, deg@; = j.
Consequently, if h € H', then logh € L by Proposition 2.2.4.

(iii) The function w is in L if and only if

et = (hmsup |Pj|1/j)

j—oo
for some sequence {P;} of complex polynomials such that deg P; < j.

Proof: (i) Set M := inf{h(z) : z € OB}, then M is nonzero since h~'(0) = {0}
and h is continuous, hence h(z) > M|z| for all z € C". Define g as the right hand
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side of (2.3). Tt is sufficient to show that g(a) = 1 for every a in h~'(1); since
h(z/h(z)) = 1 for each z € C" \ {0}, this implies g(z/h(z)) = 1 and hence, since g
is also homogeneous, h(z) = h(z2)g(z/h(2)) = g(2).

Since h is homogeneous and plurisubharmonic, the set D := {z € C" : h(z) < 1}
is a bounded and balanced domain of holomorphy. By Theorem 2.1.21 and the fact
that D is holomorphically convex it is polynomially convex. Then for every t € |0, 1],
K, CC D, where K; = h=1([0,1)).

Since a € h~1(1) there is for ¢ €]0,1[ a number s €]t, 1] such that sa € D\ K,.
Then by Lemma 2.1.20 there is a homogeneous polynomial @ such that ||Q||x, <

Q(sa); by multiplying () with a suitable constant we can assume

1Qllx, <1< Q(sa). (2.4)

For z € C", tz/h(z) € K; and hence |Q(tz/h(2))|/48Q < 1, that is ¢ |Q(z)[/48% <
h(z). Therefore, using (2.4) and the definition of g, t < t|Q(sa)|'/4%¢% < g(sa) =
sg(a). Letting t — 1, forces s — 1 and the result is 1 < g(a). By definition of g we
obviously have g(a) < 1.

(ii) If h € H’} then the set Q@ = {w € C" : h(w) < 1} is a balanced domain of
holomorphy since it is the sublevel set of a homogeneous plurisubharmonic function.
Then there is a holomorphic function f on € which can not be extended to any
point of 0€).

By Theorem 2.1.21, there are homogeneous polynomials @; such that f = )" Q.

Since the series is convergent on compact subsets of (2 then

limsup |Q;(2)|"7 < 1, if z € Q,

Jj—00

and this holds only on €2 since f can not be extended to 0f).
Let
U@):(hmamm%gnvﬂ, zeC,

j—o0
then Q = {z € C" : v(z) < 1} and v = h on C", since v is non-negative and
homogeneous, because if there is a w € C" such that v(w) < h(w), choose an r such
that v(w) < r < h(w), then v(w/r) < 1 < h(w/r) which contradicts the above, and
the same goes for the case v(w) > h(w). The other implication follows from (iii)

when all the polynomials P; are homogeneous and each of degree j.
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(iii) For a function u € L, let © be the extension of the function Z = (2, 2)
w(z1/20, - . ., 2n/)%0) +10g | 20| to C**1\ {0} from Proposition 2.2.2. Then h = exp(?)
is a homogeneous function, defined on C"*' and h(0) = 0 by homogeneity. Then
by (ii) there exists a sequence of homogeneous polynomials @; on C"*! of degree j
such that

h(1,z) = exp (u(z)) = (hmsup 1Q,;(1, z)|1/j>*, z e C".

J—00

Setting P;(z) = Q;(1, 2) gives the desired result.

To show the opposite implication assume u satisfies the formula in (iii) for some
polynomials P;, degP; < j. By the Uniform boundedness principle (page 299
in [16]), there is a ball B = B(a,r) C C" and a positive constant M such that
SUD,en HPJH%M < M. The set {z € C" : sup;cy % log | P;(2)| < +00} contains B and
is therefore not L-polar, then by Proposition 2.2.4 u € L. O

2.3 Pluricomplex Green function with logarithmic

pole at infinity

Here we define the pluricomplex Green functions using the Lelong class £ and a
definition introduced in [25] by Zahariuta. We will derive its fundamental properties

and calculate the Green function for the open ball.

Definition 2.3.1 For every X C C"and ¢ : X — [—00, +00[ we define the weighted
pluricomplex Green function of X with weight q and logarithmic pole at infinity by

Vxq(2) = sup{u(z) :u € L,u < qon X}, z e C".
The important case when ¢ = 0 is denoted by V.
The following is easily seen from the definition of Vy ,:
(i) Va,>Vp,if AC B,
(ii) Vx,q < Vx, if g <p,

(111) VX,q—i—c =c+ VX,q for c € R.
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From this we see that if ¢ is bounded then
Vx + 1§fq < VX7q < Vx +supgq.
X

Remark: Observe that if the set ¢~!(—o0) is not £-polar then Vy , = —oco. We

will therefore always assume that ¢~'(—o0) is L-polar.

Next we derive the Bernstein- Walsh inequality for the Green function. It gives
an estimate for polynomials in C" based on their behavior on a set X. If ¢ is a
function on X and P is a polynomial such that P(z) < M exp(mq(z)) on X, where
m > deg P, then log| L |"/™ € £ and log |+|"/™ < ¢. By the definition of Vy, we
get the Bernstein- Walsh inequality,

|P(z)] < Mexp(mVx,(2)), z e C". (2.5)

It is reasonable to ask when our function Vx4 is equal to +00 and furthermore
if it is in £. Because the supremum of a family of plurisubharmonic functions is
not necessarily upper semicontinuous, therefore as in Proposition 2.1.14 we use the

upper semicontinuous reqularization Vy , of Vy 4.

Proposition 2.3.2 If X is bounded and E is L-polar then V¢ p, = V5 .

Proof: Let w € L, w|p = —o0 and w < 0 on X. Then for every u € £ such that
u < gon X and for every k € N

1
E'LU +u S VXUE,q S V)?UE,q'

Consequently u < Vi 5, on C* \ w™'(—oc), that is almost everywhere in C", but
because of upper semicontinuity this holds on all C", thus implying V¢ < Vg g,
The other inequality is obvious since X C X U F. O

The following theorem tells us that either Vx4 is of logarithmic growth or iden-

tically 400, and it depends only on X being L-polar or not.

Theorem 2.3.3 Let q be a function on a set X C C" such that ¢~'(—o0) is not
L-polar. Then X is not L-polar if and only if Vg € L, furthermore Vg = +oo if
X is L-polar.
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Proof: If X is not L-polar then V¢ € L by Proposition 2.2.4. However, if X is
L-polar then by Proposition 2.3.2 Vg = 400, hence V¥  is not in L. 0

It is also worth noting when Vx , is not only bounded above by log |z| but also

below.

Proposition 2.3.4 If X is bounded and q is bounded below, then there is a constant
C € R such that
log |2] < Vx4(2)+ C, ze C".

Proof: Find r > 0 such that X C B(r,0) and set M := infx ¢q. Then log % - M <
q(z) on X and the result follows with C' = M + log(r).

O

Example 2.3.5 The pluricomplex Green function for the ball. For any com-
plex norm || - ||, let B = B (a,r) denote its closed ball with centre a and radius 7.
Then

Vi(z) = log™® u, z e C",

where log® z = max{log z,0}.

Since all norms on C" are equivalent (Lemma 5.14 in [15]), there is a constant
C such that || - || < C|-| on C". Therefore the function log* ”Z;J is in £ and since
it is 0 on B, log™ @ < Vp(z). We thus have to show for any u € L, such that
u < 0 on B, that u(z) < log" ”Z%‘LH Note that this clearly holds when z € B.

For such u and z € C*\ B we define a function v on D(0, |z — a||/r) \ {0} C C

by
+ Iz —all

clr

Then v is subharmonic and v(¢) is bounded when { — 0, since u € L. Therefore

v(¢) =u(a+('(z —a)) —log

v can be extended over 0 to a subharmonic function © on D(0, ||z — al|/r). Now,
lim¢|—jz—qf/r (¢) < 0, so by the maximum principle o < 0 on D(0, ||z — al|/7).
Observe that ©(1) is defined since ||z — al|/r > 1 and v(1) = u(z) — log" ”Z;A <0.

Example 2.3.6 From the example above and the Bernstein-Walsh inequality we

see that for every polynomial P : C" — C, complex norm || - || and B as above,

PG < 1Pl mas { (224}
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Example 2.3.7 Let X C C" and ¢ be a function in £. If u € £ and u < g on X
then the function sup{q,u} is in £ and sup{q,v} = ¢ on X. Therefore, Vx, > ¢
and Vx, = q on X.

2.4 Continuity of the pluricomplex Green functions

Next we prove some basic continuity properties of the pluricomplex Green function.
The tools used primarily are properties of plurisubharmonic functions and basic

continuity definitions found in Chapter 2.1.

Proposition 2.4.1 If Ko D K; D --- is a sequence of compact sets in C", K =
N;K; and q : Ky — R is lower semicontinuous, then
jli_)rgo Vi, .q(2) = Vi 4(2), z e C"
Proof: By definition Vg, , < Vg, 4 < -+ < Vi g, so the limit lim;_, Vi, q exists.
Let ¢ > 0 and u € L, such that u < ¢ on K. Define the set D := {z € Kj :
u(z) — e < q(z)}, then there is jo such that D is open and contains K for j > jo.
This is a consequence of upper semicontinuity of u and lower semicontinuity of g;
for fixed zp € D find o € R, u(z) — e < a < q(29), note that u(zy) # +o0o and
q(z0) # —o0 so this a exists. Then we can find a neighbourhood U of z in K such
that
u(z) —e < a <q(z), z e U.

By compactness of K we can then find j, € N such that K; C D for j > jo. Then
u(z) —e < Vi, q(2) < limj . Vi, 4(2), taking supremum over u and letting € — 0

yields Vi ¢(2) < limy_oo Vi, ¢(2), 50 Vg = limj oo Vi, 4(2). O

Proposition 2.4.2 For a compact set K in C" and a lower semicontinuous function

q, the pluricomplex Green function Vi , is lower semicontinuous.

Proof: According to Proposition 2.2.7 we can approximate any u € L from above
by a C* function in L. If u < g on K and € > 0, then for zp € K and o € R
such that u(z)) < a < ¢(z) we can find u), € C*°(C") N L such that us > u and
us(z0) — €/2 < «. Since ug is continuous and ¢ lower semicontinuous there is a
neighbourhood U of z; such that a —¢/2 < ¢(z) for z € U. That is

u(;(Z)—qu(Z), ZEU:
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By compactness of K we can assume this holds on all of K. Therefore, letting 6 — 0
and € — 0 we see that Vi 4 is the supremum of continuous functions and hence lower

semicontinuous. O
Proposition 2.4.3 If Vg < qon X, then Vx, is upper semicontinuous.

Proof: Since Vi < ¢ < +o00 on X, X is not L-polar and thus Vi € L. Then by
definition of Vx g, ng’q < Vx 4. Obviously V)?,q > Vx50 Vx g = V)’gq and is upper

semicontinuous. O

Proposition 2.4.4 If X is open and q upper semicontinuous then Vg < q on X

and Vx , is therefore upper semicontinuous and in L.

Proof: Since X is open, we have

Vx o(2) = limsup Vx 4(w) < limsup g(w) = q(2), z e X.

w—=z w—z

O

Proposition 2.4.5 If K is compact and Vi , is continuous on K then Vi, is con-

tinuous on C".

Proof: We can obviously omit the case when Vi, = +00, so we assume V¢ € L.
By Theorem 2.2.7 there exist V5 € £ N C™ such that Vi \, V¢ as 6 — 0. Then
Vs \\ Vi, on K, since Vi, is continuous on K, and it is also possible for every
e > 0 to find a g > 0 such that

Vs —Vk,<e, on K, for0<d<dp.
That is Vs —e < Vi, < qon K and
Vé—éTSVK,q Svqu S‘/(Sy on Cn?

so Vi 4 is the uniform limit of C* functions and therefore continuous. O

Proposition 2.4.6 If{X; }f.io is an increasing sequence of bounded open sets, X =

U,;X; and q : X — [—o00, +oo] upper semicontinuous. Then

lim Vy; ;= Vx,q

J—o0
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Proof: Tt is clear that Vx, , > Vx, 4 > - -+ > Vx4, so the limit exists and lim;_, Vi q 2
Vx4 Each function Vy, , is in £ and Vx, , < ¢ on Xj, hence lim;_ .o, Vx, , < ¢ on
X. Then {Vx, 4}; is a decreasing sequence of plurisubharmonic functions, the limit
is therefore plurisubharmonic. Now, lim;_. Vx,, < Vg < log® | - | + ¢ since
Vixoq € L, therefore is the limit in £ and by definition of Vy g, lim;_. Vx, < Vx 4.

O

Proposition 2.4.7 Assume X C C" is open and ¢; is a decreasing sequence of
upper semicontinuous functions on X converging to a function q such that ¢~ (—o0)
is pluripolar, then

lim Vy,, = V.

j—o00 ’

Proof: Vx4 < q; on X by Proposition 2.4.6, hence lim; .. Vx4 < lim;_.o q; = qon
X. By monotone convergence, Proposition 2.1.13, we see that lim; .. Vx, € £ and
consequently lim; ., Vx4 < Vx4 But for each 7, Vg = Vxg so limj_oo Vx4 =
Vx q- O



Siciak’s approximation theorem

The main subject of this chapter is Siciak’s approximation theorem mentioned in
Chapter 1. In [21] Siciak gave a proof of this theorem using the extremal function
$po. Siciak [21] originally defined ®g, using extremal points analogous to the
definition of Fekete’s points for a set in C. Later, the following has become the

standard definition of Siciak’s extremal function,
D o(2) = sup{|p(2)|"/4? . p a polynomial on C", |p|*/9°8? < exp(q) on K7},

for z € C", a compact set K C C" and ¢ a bounded real function on K.
Here we will prove the approximation theorem using the techniques of Zeriahi
[26], introduced for pluricomplex Green functions on parabolic Stein spaces. We use

Vi and tools from pluripotential theory along with functional analysis.

First we will however take a closer look at Siciak’s extremal function ®x ,. From
the definition of ®x , we can derive a different version of the Bernstein-Walsh in-

equality (2.5). For any polynomial P such that |P| < M exp(q)®” on K, we have
|P(2)| < M®g ()%, zeC". (3.1)
Our first objective in this chapter is to prove the equality
log®k 4 = Vi g,

when K is compact and ¢ continuous. The properties of the Green function Vi,

27
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where studied in the previous chapter, this result will therefore give us information

about the continuity of ®x ,.

3.1 Equivalence of Siciak’s and Zahariuta’s defini-

tions

Theorem 3.1.1 Let K be a compact subset of C* and q : K — R be a continuous
function on K. Then Vi , = log g .

Proof: Clearly Vi, > log @k 4, so it is sufficient to prove that if u € £ and u < ¢
on K, then e" < @k .. In order to prove this inequality we take p € C" and € > 0.
By Proposition 2.2.2 the function v : C"*\ {Z = (20, 2) € C""'; 2 = 0} defined by
v(20, 2) = u(z/z0)+1og |z0| extends to o € PSH(C"t\{0}) and then h = exp(?) is in
H and defined on C™*!; h(0) = 0 by homogeneity. By Theorem 2.1.23 there exists
a decreasing sequence h; € H''tt N C(C"*!) such that h; N\, h. By possibly adding
a term ¢;|Z| to h; we may assume that h;'({0}) = {0}. By Theorem 2.2.8(ii) the
functions u; defined by u;(z) = log h;(1, z) are in £, and the sequence {u;} converges
to u. Since ¢ is continuous we can choose jy such that u; < g+ on K for j > jo.
By Theorem 2.2.8(i) there exists for each j > jo a complex homogeneous polynomial
Q; such that |Q;|*/% < h; and h;(1,p) < €°|Q,(1,p)|"/%, where d; = deg Q;. This
implies that the polynomial P; in C" defined by P;(z) = €% Q,(1, z) is of degree
< d; and |Pj|V/% < 92 on K. Hence |Pj|'/% < ®y .19, and we get

P — lim %P = lim h;(1,p) < lim |Pj(p)|1/dj < D gyo:(p) = €2£¢)K7q.
j—00 j—00

j—o0
Since ¢ > 0 is arbitrary we conclude that e*® < &y ,(p). O
Corollary 3.1.2 For K a compact subset of C* we have

(i) Vi = Vi and

(ii) Vg >0 on C*\ K.

Proof: (i) Every polynomial P on C" such that |P| < 1 on K satisfies |P| < 1 on K
by definition of f(, so @ < @ and then Vx < V. The other inequality is obvious
since K C K.
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(i) If = € C* \ K there is a polynomial P such that [P(z)] > ||P|x. Set
Q = P/||P||k, then |Q] < 1 on K and ®x(z) > |Q(2)]/4e? > 1, consequently
Vi (z) =log Pk (z) > 0. O

3.2 Siciak’s approximation theorem

The main motivation for introducing the pluricomplex Green function Vx , was to
generalize the Walsh approximation theorem to higher dimensions. This was done
by Siciak in [21]. We will now prove this theorem using the method of Zeriahi [26].

The close connection of the Green function with polynomials is best shown in its
applications. Siciak studied some of these applications in [21-23|, such as polyno-
mial approximation of holomorphic functions, convergence of series of homogeneous
polynomials and separately holomorphic functions. Polynomial inequalities are a
valuable tool in these studies, specially the Bernstein-Walsh inequality which we
have derived in two versions, (2.5) and (3.1).

The subject of this section will be polynomial approximation and extension of
holomorphic functions. That is, a necessary and sufficient condition for a holomor-
phic function to have a holomorphic extension to a sublevel set of Vi and the largest
such set for an extension to exist.

We begin with some basic definition regarding polynomials and the Green func-

tion.

Definition 3.2.1 Set
Pa={P € Clz, -+, 2, : deg(P) < d}.
If f is a holomorphic function in a neighbourhood if a compact set K we let

£, 1) = Jof 1 = Pllc = inf sup|f(2) — P(:)l.

dzeK

The sublevel sets of Vx will be of great importance, and we introduce a special
notation for them,
Qp(X) ={z€ C": Vx(z) <log R}.

If it is clear from the context what X is, we write Qg
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Theorem 3.2.2 Let K C C" be compact and assume Vi is continuous. Then for
all r > 1 and 6 > 0 there is a constant ¢ = c¢(r,0) > 0 such that

1
£ K) < e Wl forall f € O@.g) andd > 1

Proof: For a €]0, 1] we define the non-negative homogeneous function he on C™H1
with

(.2 = L Polexp(@ V() 20 € C\ {0} e €
o 0, 20 =0,z € C".

By continuity of Vi and the fact that Vi is in £, the function h, is continuous and
in H'. We look at K as the compact set K = {1} x K in C**!' and see that

ha<17 Z) = exp(a VK(Z))
Similar to €2, we define for every r € R the sublevel set for 71(1,
D, ={zeC" : hy(2) <r}

It is easy to see that D,o N ({1} x C") = {1} x Q,. Note that D, is a domain
of holomorphy since it is a sublevel set of a continuous plurisubharmonic function.

Choose a €]0,1] such that r < (r + 6)® < 7+ 60 and put K, = {(\\z2) :
IA\| = r,z € K}. The set K, is a compact subset of Dy 49y, since ﬁa()\,)\z) =
Al exp(aVk(2)) =r < (r+ 0)~.

For [ € O(D(r46)2), let f denote the corresponding function f = f(l, -) in
O(Q19). We now show that the restriction map 7' : O(D,e) — O(,), f
both open and surjective.

The set {1} x ,.4¢ is a properly imbedded submanifold of D, ) of dimension
n. It is locally regularly presented since, i.e., there is a holomorphic functions g such
that {1} x Q.49 = g7'(0) N D), namely g(20, 2) = 2o — 1. Then an application
of Cartan’s Theorem B ( [10], Theorem 7.2.8), shows that 7" is surjective.

The spaces O(D(,19) and O(€49) are Fréchet spaces and T is continuous,
linear and surjective, so the openness of T' follows from the open mapping theorem,
found in [15], Theorem 24.30, Corollary 24.29, and Remark 24.15(c).

The image of {f € O(Dg)e) : HfHKT < 1} under the map T is then an open
neighbourhood of 0, i.e., it contains a set of the form {f € O(Q,409) : ||f|lz < e},

where L C §2,,¢ is compact and €7 > 0.
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Fix f € O(Q,.¢) and let f € O(D(r+6)~) be such that T(f) = f. Choose ¢ < ¢,
and define § = ef/||fllz. Then T(§) = € f/||f|lz, and consequently ||T()||L = €
and [|g][z, <1.

Hence, we conclude

/1l

3

. 5 1 _
1Al = llgll, < Zlflle, f € O (3:2)

Since D := D, ,p)~ is a balanced neighbourhood of the origin in C"*!, we can
by Theorem 2.1.21 write,

f&) =3 P(). zeD,

where f’] are homogeneous polynomials of degree j and the series is uniformly con-

vergent on compact subsets of D.

This presentation of f gives the following bound on e4(f, K),

cal [ K) < D IPillggd> 1.
j=d+1

As in the proof of Lemma 2.1.20 we apply the Cauchy estimate for every (1, z) =
% € K to the holomorphic function A — f(\3) = >y Pi()M. Tt yields, with
reference to the definition of f(r the estimate

L 1 - 5 1 -
|P;(2)] < p ‘iglf(AZ)\ < ngHm

This inequality and (3.2) give
;= — 5 — 1 r iz,
el LK) < Y IRl < ) Wz = —
Jj=d+1 Jj=d+1

But this also gives us an estimate on g4(f, K), since the set of restrictions of poly-
nomials of n + 1 variables and degree < d to {1} x C™ is identical to the set of
polynomials of n variables and degree < d. Thus, 5d(f, K) =e4(f, K) and by (3.2),

LWl

e(r—1) rd

Ed(f>K) S
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1
r—1

Setting ¢ = % the result follows, since L C €),.4y. O

Finally, there is Siciak’s approximation theorem:

Theorem 3.2.3 Let K be compact subset of C" such that Vi is continuous, let
f€O(K) and R > 1. Then f has a holomorphic extension to the sublevel set

Qr={2€ C": Vkg(z) <log R}

if and only if
lim sup 4(f, K)4 < L
d—o0 R
Proof: If f is holomorphic in Qr = {z € C" : Vk(2) < log R}, then for € €]0, R] set
r=R—cand § =¢/2. Then f € O(Q,,4) and by Theorem 3.2.2 there is a constant
¢ such that

1
ga(f, KOV < (ellflla, )"
Hence,

1 1
lims K)Y4 < lims a VdZ - __~—
12riljped(f, )e < 12{§1P(C||f”ﬂh/2) sl -

Since ¢ was arbitrary the results follows.

To prove the converse statement , let ¢ > 1/R. Then the set {d € N :
ea(f, K)V% > o} is finite, so there is a constant C' such that e4(f, K) < Co? for
all d > 1.

For every d there is a polynomial P; € P, such that eq4(f, K) = ||f — Pil/x-
To demonstrate this we only have to note that a polynomial P, degP < d which

approximates f better than the zero function, i.e., ||f — P||x < ||f]|x, satisfies

1Pl < 1 = Pl + 1 Fllx < 20 flx-

The coefficients of these polynomials are therefore contained in a compact subset
of C and since ||f — P||x is a continuous functions of the coeflicients there is a
polynomial P; such that || f — Pyl|lx = ca(f, K).

Set )1 = P, and Qg = Py — P;_1 for d > 2. Then

1
Qa(z)| < C(o"+ 0" ) =C(1+ E)Qd’ e K, d>1.
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By the Bernstein- Walsh inequality (3.1), with M as C'(1 + %)gd,
1
1Qa(2)] < C(1+ 5) (0P (2))", zeC" d>1.

Hence, the series Y 7, Q)4 is uniformly convergent on compact subsets of the sublevel
set {z € C": ®k(z) < 1/p} and extending f holomorphically, since this holds for
arbitrary o > 1/R it holds on {z € C": Vk(2) < log R}. O

Corollary 3.2.4 Let K be a compact subset of C" such that Vi is continuous, and
let f € O(K). Then, for R €]1,+00],

Qr={2€ C": Vk(z) <log R}
is the largest sublevel set of Vi to which f has a holomorphic extension if and only

if .
lim sup eq4(f, K)V4 = T

d—o0o
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Disc formulas for the weighted

Green function

This chapter contains a detailed version of our paper, Magnusson and Sigurdsson
[14]. We extend the methods of Larusson and Sigurdsson [13] in order to prove disc
formulas for the Green function Vx,, when X is an open connected subset of C"
and ¢ is an upper semicontinuous function on X. Our main result is the following

formula

Ve =it {~ 3 loglal+ [ gosdoi f € OB, A(T) € X, 7(0) = 2}.
a€f~1(Hoo)
(4.1)

Here we let o be the normalized arc length measure on the unit circle T and P"
is the complex projective space viewed in the usual way as the union of the affine

space C™ and the hyperplane at infinity H...

Our approach is the following. Let u be a function in £ such that u < ¢ on X.
Using the plurisubharmonic extension obtained from Proposition 2.2.2 we derive a
formula which defines for us a disc functional J;,. The disc functional J, will only

depend on ¢ and it will satisfy the estimate

u(z) < Jy(f), (4.2)
for any closed analytic disc f in P™ mapping the origin to z and the unit circle
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into X. Taking the supremum on the left side of (4.2) over all such u gives us the
pluricomplex Green function, and taking the infimum on right side over all discs f
gives the envelope of the disc functional J,. Using Poletsky’s theorem we show that

the envelope is equal to the Green function, and from that derive formula (4.1).

4.1 Analytic discs and disc functionals

Analytic discs have proved their value in complex analysis, for example the Theorem
of Forneess and Narasihman [1], which determines the plurisubharmonic functions
on a complex space using analytic discs, and Poletsky’s theorem [20], which gives

the largest plurisubharmonic minorant of an upper semicontinuous function.

4.1.1 Notation and basic properties

Definition 4.1.1 An analytic disc in a manifold Y is a holomorphicmap f: D — Y
from the unit disc D in C into Y. We denote the set of all analytic discs in Y by
O(D,Y). An analytic disc is said to be closed if it can be extended holomorphically
to a neighbourhood of D. The set of all closed analytic discs in Y will be denoted
by Ay and the set of all discs in Ay which map the unit circle T into a subset S of
Y by Aj.

Definition 4.1.2 A disc functional on Y is a map H : A — R defined on some
subset A of O(D,Y) with values in the extended real line R = [—o0, +-oc].

The envelope of a disc functional H : A — R with respect to the subclass B of
A vields a function EgH from Y to R defined by

EgH(x) =inf{H(f); f € B, f(0) =z}, reY.

As before we view P" as the union of the complex space C" and the hyperplane
at infinity H., (Chapter 2.2) and denote the projection from C"*'\ {0} to P" by 7.

Proposition 4.1.3 If x € P" and z € C"™' \ {0} such that w(z) = z, then every
analytic disc f in P™ centred at x, i.e., f(0) = x, lifts to an analytic disc in C**1\ {0}

centred at z.

Proof: Let W, ={[z0: -+ : zn] : 2n # 0} C P" and v, : W,,, — C™ be the local

coordinates [zo : -+ : 2] — 2120, » Zm_1, Zmi1," - 5 2n). For a € D there exists
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mg € {0,...,n} and an open disc U, C f~'(W,,,), and we can find a lifting g, of
flu, to C*1\ {0} by taking the coordinates (y1,...,7,) of ¥, o fly, and setting
Ja = (717 <oy Yme—1, 17fyma7 S 77”)

We can therefore find a covering {U,};en and holomorphic functions g¢; : U; —
C™*1\ {0} as above such that w(g;) = f;|u, for all j € N. The functions g; are
uniquely defined up to a multiplication with a constant in C* and there are holo-
morphic nonvanishing functions A, : U;NU, — C* such that g; = hjrg; on U;NU} for
all j,k € N. Since the functions hj;, are uniquely defined, and g; = hjrgr = hjrhiuigi,

we see that
hjkhk:lhlj: 1 on UjﬂUkﬂUl, for all j,/{?7l€N.

Then by Theorem 1.4.5 in [4] there are holomorphic functions G; : U; — C* such
that hj, = G;le on U; N Uy for all j,k € N. Then g; = Gj_legk, that is
G;g; = Grgr on U; N Uy. We define a holomorphic function g : D — C"*'\ {0} by
g(w) = G;(w)g;(w) when w € U;. The function g is well defined and satisfies the
condition mog = f. By multiplying ¢g with a suitable constant in C*, we can assume
9(0) = = m

4.1.2 Construction of the disc functional

Take v € L and let v denote the extension of w o w(2g, 21, ,2n) + log|2o| toO
C"*1\ {0} obtained from Proposition 2.2.2. Take f € Ap» with f(0) = z € C",
f(T) c C* and let f = (fo,..., fn) € Acni1\j0y by alifting of f. By subharmonicity

ofvofweget

u(z) +log| fo(0)] = v o F(0) < /

T

vofda:/?ruofda—i—/ﬂlogﬁolda. (4.3)

Since f(T) C C", the set f(ID) has finitely many intersections with H,,, which means
that fy has finitely many zeros in . We write

WO=w@ ] (1<__;<)mf°(a),

a€f~H(Heo)

where my, (a) denotes the multiplicity of a as a zero of f; and g is holomorphic and
without zeros in some neighbourhood of D. Note that |<=%| = 1 when ¢ € T. We

1-a
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then have

log [fo(0)] = my,(a)loglal +log[go(0)], (4.4)
acf~1(He)

and since the product has modulus 1 on T and log |go| is harmonic in some neigh-

bourhood of D, we have

/log\fglda:/log|ggldazlog]go(0)|. (4.5)
T T

By combining (4.4) and (4.5) with (4.3) we derive the inequality

u(z) < — Z my,(a)log |al +/Tuofda. (4.6)

acf~1(Heo)

As in [13] we define the disc functional

JiOMF) R = (0,400, J(H)=— Y mya)loglal
acf~1(He)

where we take J(f) = 0if f7'(Hy) = @. If f7!(Hy) is an infinite set, the sum
defining J(f) is taken as the infimum over all finite subsets, which is well defined

since the terms are all negative.

Assuming X to be an open subset of C* and ¢ : X — R U {—oo} a Borel

measurable function, we can add a mean value term to J and define J, by
1, O, P)ACD,PY =R, J,(f) = J(f) +/ 7o fdo
TNf~1(X)

In the case when J(f) = 400 and the integral is —oo we define J,(f) as +oo. If
f(T) C X, then the sum defining J(f) is finite. The special case when we have the
constant disc k,, D 3 ( — 2 € X, then we have J(k,) = 0, and hence J,(k.) = q(2).

The inequality (4.6) implies that for every u € £ with u < ¢ on X and every
f € Apn with f(0) = z we have

u(z) < Ju(f) +/ uwo fdo. (4.7)

T\f~1(X)

If f(T) C X, then the second term in the right hand side vanishes. If we take the

supremum over all v € £ with u < g on X in the left hand side and the infimum
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over all f € B for some subclass B C A3, in the right hand side, then we arrive at
the inequality
V() < Eax, Jo(2) < Epy(2), zeC".

What we will prove is the following theorem.

Theorem 4.1.4 Let X be an open connected subset of C" and q : X — RU{—o0}
be an upper semicontinuous function. Then Vx , = EAffn Jg, 1.e., for every z € C"

we have

Vig(z) =inf {= 3 mfo(a)log|a|+/qude; [ € Apn, J(T) € X, f(0) = 2.

acf~1(Hs)

4.1.3 Good sets of analytic discs

We modify the definition from [13] of good sets of analytic discs by saying that a
subset B of Apn is good with respect to the function q if:

(1) f(T) C X for every f € B,
(2) for every z € C™, there is a disc in B with centre z,
(3) for every z € X, the constant disc at z is in B, and

(4) the envelope EgJ, is upper semicontinuous on C" and has minimal growth,
that is, Ez.J, —log™ | - | is bounded above on C".

The condition (1) implies that u(z) < J,(f) for every v € £ with u < g and f € B
with f(0) = z, (2) implies that EgJ,(2) < 400 for every z € C", (3) implies that
EpJ,(z) < q(x) for all x € X, and (4) implies that Vx, is the largest plurisubhar-
monic function on C" dominated by EJ,, because every plurisubharmonic function
less then or equal to EJ, is in £ and less then or equal to g on X.

Poletsky’s theorem states that for every upper semicontinuous function ¢ : ¥ —

R U {—o0} on a complex manifold ¥ we have
sup{u(z); u € PSH(Y),u <y} = inf{/w ohdo; h € Ay, h(0) = x}, reY.
T

See Poletsky [18], Larusson and Sigurdsson [11,12], and Rosay [20]. As a consequence

we get a disc formula for Vx g
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Theorem 4.1.5 Let X be an open subset of C*, ¢ : X — R be a Borel measurable

function, and B be a good class of analytic discs with respect to q. Then

vkgazsz{/ﬁ%xﬂﬂuw;hef%mhm):z} zecCn,
T

4.1.4 The good set By of analytic discs

The set Az, is large and, as seen above in Theorem 4.1.5, we can use any good set
of analytic discs instead when evaluating Vx ,. Therefore we define a convenient set
of analytic discs to work with. Let Bx be the set of all analytic discs in P which

are either a constant disc in X or of the following form

|z —w|+ ¢ r
r+lz—wl( |w-—z]

fz,w,r:C'_)w+ (Z—’U)),
where z € C", w € X \ {z} and r < min{|z — w|, d(w, 0X)}.

Observe that f,,,, maps D into the projective line through z and w, T is mapped
to a circle with centre w and radius r, 0 is mapped to z, and —r/|z — w| is the only
point mapped into H. The conditions on z, w and r ensure that f,,.(T) C X

and we have the formula

‘]q(.fz,w,r) = lOg

‘Z;wL+AqOﬂmﬂw. (4.8)

We have to verify that the set By is indeed a good set of analytic discs. It is
obvious that By satisfies conditions (1), (2), and (3) in the definition of a good set.
By condition (3), Ep, J,(z) < q(z) for all z € X, and since ¢ is upper semicontinuous,
this implies that Eg, J; is bounded above on every compact subset of X. If we fix
w € X and r < d(w,0X), then the integral in (4.8) is bounded above for all
z € C"\ B(w,r) and it follows that Ez,.J, is bounded above on every compact
subset of C" and is of minimal growth. The upper semicontinuity of Eg, J, follows

from the following lemma:

Lemma 4.1.6 Assume that q : X — RU{—o0} is upper semicontinuous. For every
zp € C" and every a € R such that Eg, J,(29) < a there exist wy € C*, ry > 0,
and a neighbourhood U of zy such that 0 < rq < min{|z — w|, d(wy,0X)} and
Jo(fowomy) < o forall z € U.
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Proof: Let f € Bx such that f(0) = zp and J,(f) < a. If f is of the form [, wo.r,
for some wy € C" and 0 < ry < min{d(wy, 0X), |20 — wp|}, then we can choose
a continuous function ¢ > ¢ on X such that J;(f.wer,) < @ The continuity of
¢ implies that there exists a neighbourhood U of z, such that 1y < |z — wp| and
Ji(fowom) < a for all z € U. Since J, < J; the statement holds in this case.
Assume now that f is the constant disc at 2. Then 2z € X and J,(f) =
q(z0) < a. Since ¢ is upper semicontinuous, there exists 0 < § < d(zp,0X) such
that ¢(z) < «a for all z € B(zp,0), the ball with center z, and radius §. Then for
every z and w in B(z, 36) and 0 < r < min{|z —w}, 36} we have [ qo f. ., do < a.
Now choose wy € B(z, 30) and 0 < 1oy < min{|zo — wyol, 36} such that J;(fawo.re) =
log(|z0 — wo|/70) + 14 © fuwere do < a. The statement now follows as in the first

part of the proof. O

4.2 A disc formula for the weighted Green function

In this section we will prove Theorem 4.1.4, we will use the good class of analytic

discs Bx as well as the following.

For a disc f € Ap» we denote the lifting to C*™! \ {0} from Proposition 4.1.3
be f = (fo,f1,..., f.) and we define the function ¢ : C"*!' — R U {—o0} by
©(2) = log |20]. Then the Riesz Representation Theorem, (Hormander [5] Theorem
3.3.6), applied to the subharmonic function ¢ o f at the point 0 gives

o(f0) = [ w0 Fdr+ o [ gl 100

The positive measure A(yp o f) is given by A(g o f) = ZCele(O) my,(¢)d¢ which
implies

1 ~ -

o [logl-|A(po )= > mu(Q)logl¢l=—J(mo f)

2T
D cefy1(0)

SO

/T oo fdo = o(F(0) + J(f).

By adding the mean value term of ¢ this implies

5(f) = / (poftqof)do—o(fO),  feAL. (4.9)
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If X is an open subset of C", ¢ : X — R U {—o0} is an upper semicontinuous
function and ¢; : X — R is a decreasing sequence of continuous functions converging
to ¢, then by Proposition 2.4.7, Vx .. \, Vx 4. It is immediately seen that J, (f) \,
J,(f) for every f € A%, and as a consequence we get Eux, Jo; o Egx,Jg. This
shows that for the proof of Theorem 4.1.4 we may assume that ¢ is continuous.

In the previous section we have seen that Vi, < E,x J; and that Vg is the
largest plurisubharmonic function on C" dominated by Ej, J,. Since Ep, J, is upper
semicontinuous it can be written as a decreasing sequence of continuous functions.
Hence, Theorem 4.1.4 is a direct consequence of Theorem 4.1.5 and the following
lemma taking infimum over all continuous v > E,, ¢ > 0 and h € Acn centered at

z for a fixed z € C". The lemma is a modification of the Lemma in [13].

Lemma 4.2.1 Let X be an open connected subset of C" and ¢ : X — R be
continuous. For every h € Acn, every continuous function v > Eg,J, on C", and
every € > 0, there exists a disc g € Ag, with g(0) = h(0) and

Jq(g) < /vohdcr+5.
T
Proof: Take (p in T and set zg = h({p). Then there is a disc f € By,
Jo(f) < EpyJy(20) + €.

This implies that J,(f) < v(20) + ¢ and by Lemma 4.1.6 we can assume that f is of
the form £, wg.ro-

Since the function
¢ — Jo(fn()wo,ro) = 10g(|R(C) — wol/r0) + / 4 © fn(¢)wosmo dO
T

is continuous in some neighbourhood of (s where ry < |h(¢) — wy| still holds, there

is an open arc U, around (y such that

Jq(fh((),wo,m) < U(h(C)) + 8/27 C € UO-

By compactness, there exists a covering, Uy,...,U,,, of open arcs on T, points
Wi, ..., Wy and 7y, ..., 7y, such that for every j and ¢ € Uj, the disc fi () w;,r, 18 in
BX and Jq(fh({),wj,rj> < U(h(C>> + 5/2
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Now there are closed arcs I; C U;, j € A C {1,...,m} which cover T and
have disjoint interiors. By possibly renumbering the arcs and splitting the interval

containing 1, we can assume that A = {1,...,m} and
I ={e"?:0¢€[a;,a;11]}, where 0 =a; < -+ < apy1 =27

Then

;/}j Jo(fr) ;) do(§) < /Trvohda+5/2 (4.10)

Since X is connected, w; and w;4q can be joined by a C* path «; : [0,1] — X
where a;(0) = w; and «;(1) = wj;q; assuming wy,11 = wq, we can also find C*®
functions 3; : [0,1] — (0,00), such that 5;(0) = r;, §;(1) = rj41 and §;(t) <
min{d(a;(t),0X), |20 — oy}, for all t € [0,1]. We may assume that derivatives of all

orders of a; and 3; vanish at 0 and 1.

Now choose

m

C>Y " sup  [J(fayyr) = Ja(Snic)as.5,0)] (4.11)

=1 CEIj,tG[O,l}
and § > 0 such that C'§ < ¢/2 and 0 < min;(a;41 — a;).

Split each I; into the subarcs K; = {€” : 0 € [aj,a;11 — 0]} and L; = {? : 0 €
[aj11 — d,a;4+1]}, and define the C*° loop v : T — X by

’w]', CEKj,j:L...,m,
7(¢) = " .
aj((Q—aj+1+5)/5), C:€ GLJ‘7]:1,...,m,

the C* function p : T — (0, 00) by

Tj, CEKj,j:L...,m,
p(¢) = s ‘
ﬁj((e—a]‘+1+6)/5), CZG GLj,jzl,...,m,

and finally the C* family of analytic discs in Ag,,

F(, Q) = fa@mono, C€eT.
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By (4.10) and (4.11)

/ Jo(F (-, Z / a(fa©)wyr;) do(C) + /L Jalfa@a0)00)) do (€)
Z JRITRS dU(C) /L ( (fh (€)7(€),p(¢) ) (fh wjﬂ"j)) dU(C)
i/ (C)+C§</vohd0+€ (4.12)

Let h = (1,h) be a lifting of h to A%..1, o, and f. ., the lifting of f.,,, given

by
fowr(§) = (1 + - —Tw|§7 <|Z —Tw|§ + 1)w + (|z ifw’ + 1) (z — w))

Then the lifting F(-,¢) = fac)~(0)p(c) Of F satisfies F(0,-) = h on T.

Take r > 1 such that h € O(D,,C") and F(-,() € O(D,,P") for all ( € T where
D, ={z€C:|z| <r}, and define F; € O(D, x (D, \ {0}),C"*!), j > 1, by

Fe0 =m0+ (5 [ (Flee) ~ hiem)ean )¢

Since the function 6 — F(£, ) — h(e?) is C> with period 27, its Fourier series
converges uniformly on R to the function itself. Hence, the sequence F] converges
uniformly on {{} x T for each £ € D,. The convergence is uniform on D; x T
for t € (1,7). So fix t € (1,7), then by uniform convergence of £; and the fact
that F(D, x T) ¢ C"'\ {0} and F(T x T) C X we can find j large enough
such that F;(D, x T) ¢ C"*'\ {0} and Fj(T x T) € 7 *(X). For such j define
Fj:7ro]:jj:Dt><T—>IF’”.

The Oth coordinate of Fis Fy(&,-) = |h — |¢/p+ 1 and ho = 1 s0 Fjo((,-) =
x;€ + 1, where 0 — y;(e") is the jth partial sum of the Fourier series of 6 +—
|h(e?) —~(e9)|/p(e™?), that is the Oth coordinate of the Fourier series for F'(,-) — h
So the disc £ — F;(&,¢) sends only £ = —1/x;(() to Heo.
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Hence,

T(EGO) = loghu(Q] + / 40 Fy(€,O)do(€)
0 Tog h(¢) — 1(Q)1/pl() + / g0 F(€,0)do(€) = J(F(- )

uniformly for ¢ € T. Thus, by (4.12), we can fix j large enough so

AJq(ﬂ(.,g))da(g) < /Uohda—i—a.

T

For every £ € D, the map ¢ — ﬁj(ﬁ, () — B(C) has a pole of order at most j at
the origin, and for every ¢ € D, \ {0}, the map & — Ej(£,¢) — h(C) has a zero at
the origin. Hence, (&,¢) — F;(£¢*,¢) extends to a holomorphic map D x D — C™+!
for every k > j.

Since F;(0,¢) = h(¢) € €1\ {0} for all ¢ € D, \ {0}, there is § > 0 such
that Fj(£¢*,¢) € €1\ {0} for all k > j and (£,¢) € Ds x D. Since Fj(&,¢) €
C"+1\ {0} for all (&,¢) € D x T, there is 7 < 1 such that F;(&,¢) € C**\ {0} for
all (£,¢() € D x (D\ D,) and all k > j. Choose k > j large enough that [£C*| < §
for all (€,¢) € D x D,. Then there is an s € (1,t) such that £;(£¢*,¢) € C*\ {0}
for all (£,() € Ds x Ds.

Now define G € O(D,x D,, C"\ {0}) by G(&,¢) = F;(£¢%,¢) and let G = woG.
Remember that ¢ : C"! — RU{—oo} is defined as ¢(2, 21, - - -, 2,) = log |20|. Using
formula (4.9) on the analytic disc £ — G/(&,-) we see that

T(G(€.)) = / (0o GE ) +q0G(E. ) do(€) — p(G(0, ).
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but G(0,-) = h = (1,h), s0 p(G(0,-)) = 0. Therefore,

/TJq(G(-,C) do(¢) = /T2 (poG+qoG) dlo x o)
- (2;)2 /0% /0% (P(F (e ) + q(m(F;(e'TH) €%))) dtdp
N (2711')2 /0% ) (e(E(e",e?)) + q(n(Fy(e",€))) dtdo

- /T (o Fy+qomo k) dloxo)= [ J(F(-Q) do(Q)

[e=]

By the mean value theorem there is a 6y € [0, 27] such that

/TJq(G(~,() do(¢) = / (gooé—}-qowoé) d(o x o)
_ e / / i(t+0) Le) _i_q(G(ei(tJrG)?eit))) dt do

> 27T ( ( ( (t+90) i))+q(G(ei(t+00)7eit))) dt

Now define §(¢) = G(e¢,¢) for ¢ € D, and g = w0 §. Then ¢(0) = 7(§(0)) =
7(G(0,0)) = 7(1, h(0)) = h(0) and ¢(T) € 7(G(T x T)) C X. So g € A, and

J(g) = /¢O§d0+/qogda
T T
1 2T

= — [ (po Gt ey 4 go G(e'™HD) &) do
2 Jo

< /qu(e(-,g)da(g) </Tvohda+s.
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42.1 Conclusion

We have shown that when X C C" is a domain and ¢ : X — RU{—o0} is an upper

semicontinuous function, then

Vegle) =int {= 3 mp(@loglal+ [ gof do: f € Amn S(T) € X, £0) = 2.

a€f~1(H)

Note that this is not the same formula as (4.1), since here the multiplicity of the
intersection of f with H., is included in the sum. In order to omit the multiplic-
ity and show that formula (4.1) follows from Theorem 4.1.4 we need the following

proposition from [13].

Proposition 4.2.2 Let X C C" be open and f € Apn, f(0) ¢ Hy. Then there is
a disc g € Apn with g(0) = f(0), my, = 1 on g-*(Hw) and J(f) = J(g), such that
g is uniformly as close to f on D as we wish, in particular g(T) c X if f(T) C X.

Proof: Since f(T) C C™ f intersects H* in finitely many points a4, ...,a; € D\ {0}
with multiplicities m; = my,(a;). Let fe Agcni1\oy be alifting of f. By Lemma 3.1
in [12], with « as the characteristic function of {(0,z) : z € C*\ {0} } in C**1\ {0},
we obtain § € Acni1\ (o) arbitrarily uniformly close to f on D such that £(0) = §(0),

the zeros cq, ..., ¢, of g in D all have multiplicity 1, m = my + - -+ + my and

m k
Zlog cj| = ij log |a;|.
=1 j=1

Finally take g = m o g. U

Now observe that the upper semicontinuity of ¢ implies that for every ¢ > 0 and
every f € A, there exists a continuous function ¢ > ¢ on X such that fT Ggo fdo <
fT qof do+e. By Proposition 4.2.2, every f € Ap» can be approximated uniformly on
D by g € Apn, such that all the zeros of gy are simple, g(0) = f(0), and J(g) = J(f).
Since ¢ is continuous we can choose g such that qu~ ogdo < fT(j o fdo +e. This
gives that J,(g) < J;(g9) < J,(f) + 2¢ and we conclude that the infimum in formula
(4.1) and Theorem 4.1.4 are equal.
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The result is, for a domain X C C" and an upper semicontinuous function
q: X - RU{—o0},

Vxq(2) = inf{— Z log|a|+/qufda; f€OM,P"), f(T) C X, f(0) = z}

acf~1(He)

4.3 Applications of the disc formula

The purpose of this section is to give some examples of the applications of the
disc formula for the weighted pluricomplex Green function. First, we calculate the
pluricomplex Green function for the unit ball when ¢ is of the form klog |-|, k € [0, 1].
Secondly, we derive an equality between the Green function for a closed ball and for
an open ball, and then use that to give some result regarding the continuity of the

Green function for compact sets.

By looking better at the inequality
V() < Eax, Jo(2) < EpJy(2), z e C".

we see that, if we can find using B and J; a function v € £ such that EgJ, < u and
u < g on X then u = Vy,(2). Here, B can be A, By or any other good set of

analytic discs with respect to q.

Example 4.3.1 Here ¢ will be klog| - |, where 0 < k£ < 1 and the set will be the
unit ball B. We will show that Vg x10g|-(2) = max{log |2|, klog|z|}.

To do that we use the family By from Section 4.1.4, consisting of the constant
discs in B and all the discs

|z —w|+r{ r

frwr(Q) = w+ (z —w)

r+ |z —w|C |z — w|

where z € C", w € B\ {z} and r < min{|z — w|, d(w, 0B)}.

First we fix w = 0, then

2| +7¢ 2
T+ [2]C ||

||

— r do(¢) =log — + klogr
r r

z
Jitog) | (fz00) = 10g| |+/klog
T

and since £ < 1 this is an decreasing function of 7.
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If z € B then this implies that

2]

Vi ktog |- (2) < inf {log = + klogr : 7 < |z|} = klogz. (4.13)

-
However, when z € C"\ B then |z — w| > d(w, 9B) and

||

Vi ktog () < inf {log = + klogr : r < 1} = log 2. (4.14)

o
The function

klog|z| on B
u(z) ==
log | 2| on C"\ B

is then continuous and the condition 0 < k < 1 ensures that it is plurisubharmonic.
It is then obvious that u is in £ and that u < Vg 1061
Hence, u € £, u < g on B and Vg iiog)| < EgJe(2) < u < Vagiog)| 50 u =

VB k1og)|-

When £ = 0 in the example above we get a equality of the Green function for
the closed unit ball (Example 2.3.5) and the open unit ball in the unweighted case,
qg = 0. It interesting to see if this is the genereal case, that is for an arbitrary

function q.

Proposition 4.3.2 If ¢ is upper semicontinuous real function on B(a,s), where
a € C" and s > 0, then Vp(a,5),¢ = VB(4,9).4-
Proof: We can assume a = 0 and we let B denote B(0,s). It is obvious that
ng < Vg, Since B is open, Vg, is in £ and Vg, < ¢ on B by Proposition 2.4.4.
To show that Vp, < Vg, it is therefore enough to show that Vp, < ¢ on 0B.

Let z € OB and € > 0. Since ¢ is upper semicontinuous there is a neighbourhood
U of z such that ¢(¢) < ¢(z) +¢/2 for ( € U. Then there is a A €]0, s[ such that

B(Ai,s—A) cu
2|
Let w = A\z/|z| and r > 0 such that (s — \)/e?/? < r < s — . Then

s |z — w|

—A
log <eg/2, thatis log <eg/2.
r
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Consequently, f,.,.(T) C B(Az/|z|,r) C BNU, where f,,, is the disc from the

class Bp in Section 4.1.4, and since the disc f, . is in AB, we get the following

|2 — wl

VB#I(Z) S Jq(fz,w,r) = IOg

+ / qo fowrdo < q(z) +e.
T

Since € > 0 was arbitrary, Vg ,(2) < ¢(2). O

From the proposition above we can prove a weighted version of Corollary 5.1.5
in [8], which gives a sufficient condition on the set K and the function ¢ such that

Vi 4 1s continuous.

Corollary 4.3.3 Let K C C" be compact set and let ¢ be a continuous real function
on a neighbourhood of K. Then, for € > 0, the Green function Vk_, is continuous,
where K. = {2z € C" : d(z, K) < e}. Moreover,

l{% Vkeq = Vig-

Proof: The functions Vi_, and Vi, are lower semicontinuous be Proposition 2.4.2
and the limit is valid by Proposition 2.4.1, therefore we only have to show that Vi_,
is upper semicontinuous.

When ¢ is continuous it follows from Propositions 2.4.2 and 2.4.4 that the Green
function for the closed ball is lower semicontinuous and the Green function for the
open ball is upper semicontinuous, since these function coincide by Proposition
4.3.2, it is continuous. Note that we can write K, as U,cx B(a,¢). Let a € K, then
VB(a,e),g < q on B(a, ). The Green function and the function ¢ are both continuous,

therefore Vp(q.e)q < ¢ on B(a, ), and since Vi.q < VBlase),q We get
V[Z,q S VB(a,s),q S q.

The function Vi, , is then upper semicontinuous by Proposition 2.4.3. 0



Index of symbols

A° compliment of A

0A boundary of A

fla restriction of f to A

d(z,A) inf{|]z—a|:ae€ A}

B(a,r)  open ball with center a and radius r

D(a,7)  B(a,r)in C

B unit ball in C"

D unit disc in C

T oD

y/mn nezZ,n>0

N nezZ,n>0

logt x max{logz,0}

PSH(A) plurisubharmonic functions on A

O(A, B) holomorphic functions from A to B

O(A) O(A,C)

A O, A)

Al feAq f(T)CB

L f € PSH(C"), f(2) <log'|z| + C, C a constant

H Euclidean norm of z € C", |z| = (2121 + ... + 2,20)"/?
| f Il sup,cx | f(2)], where f is a function on a compect set K

o1



52

Chapter A

Index of symbols




Bibliography

[1]

12|

3]

4]

[5]

[6]

|7l

18]

19]

J. E. FORNESS AND R. NARASIMHAN, The Levi problem on complex spaces
with singularities, Math. Ann., 248 (1980), pp. 47-72.

R. E. GREENE AND S. G. KRANTZ, Function theory of one complex variable,

vol. 40 of Graduate Studies in Mathematics, American Mathematical Society,
Providence, RI, third ed., 2006.

W. K. HAYMAN AND P. B. KENNEDY, Subharmonic functions. Vol. I, Aca-
demic Press [Harcourt Brace Jovanovich Publishers|, London, 1976. London

Mathematical Society Monographs, No. 9.

L. HORMANDER, An introduction to complex analysis in several variables,
North-Holland Publishing Co., Amsterdam, revised ed., 1973. North-Holland
Mathematical Library, Vol. 7.

—, Notions of convexity, vol. 127 of Progress in Mathematics, Birkhauser
Boston Inc., Boston, MA, 1994.

B. JOSEFSON, On the equivalence between locally polar and globally polar sets
for plurisubharmonic functions on C", Ark. Mat., 16 (1978), pp. 109-115.

O. D. KELLOGG, Foundations of potential theory, Dover Publications Inc., New
York, 1967.

M. KLIMEK, Pluripotential theory, vol. 6 of London Mathematical Society
Monographs. New Series, The Clarendon Press Oxford University Press, New
York, 1991. , Oxford Science Publications.

S. G. KRANTZ, Partial differential equations and complex analysis, Studies
in Advanced Mathematics, CRC Press, Boca Raton, FL, 1992. Lecture notes
prepared by Estela A. Gavosto and Marco M. Peloso.

93



54

BIBLIOGRAPHY

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

20]

21]

—, Function theory of several complex variables, AMS Chelsea Publishing,
Providence, RI, 2001. Reprint of the 1992 edition.

F. LARUSSON AND R. SIGURDSSON, Plurisubharmonic functions and analytic
discs on manifolds, J. Reine Angew. Math., 501 (1998), pp. 1-39.

— ., Plurisubharmonicity of envelopes of disc functionals on manifolds, J.
Reine Angew. Math., 555 (2003), pp. 27-38.

—, The Siciak-Zahariuta extremal function as the envelope of disc function-
als, Ann. Polon. Math., 86 (2005), pp. 177-192.

B. MAGNUSSON AND R. SIGURDSSON, Disc formulas for the weighted siciak-
zahariuta extremal function, Ann. Polon. Math. (to appear), (2007).

R. MEISE AND D. VOGT, Introduction to functional analysis, vol. 2 of Oxford
Graduate Texts in Mathematics, The Clarendon Press Oxford University Press,
New York, 1997. Translated from the German by M. S. Ramanujan and revised
by the authors.

J. R. MUNKRES, Topology: a first course, Prentice-Hall Inc., Upper Saddle
River, N.J., 2000. Second Edition.

Z. NEHARI, Conformal mapping, McGraw-Hill Book Co., Inc., New York,
Toronto, London, 1952.

E. A. POLETSKY, Plurisubharmonic functions as solutions of variational prob-
lems, in Several complex variables and complex geometry, Part 1 (Santa Cruz,
CA, 1989), vol. 52 of Proc. Sympos. Pure Math., Amer. Math. Soc., Providence,
RI, 1991, pp. 163-171.

R. REMMERT, Classical topics in complex function theory, vol. 172 of Graduate
Texts in Mathematics, Springer-Verlag, New York, 1998. Translated from the
German by Leslie Kay.

J.-P. ROSAY, Poletsky theory of disks on holomorphic manifolds, Indiana Univ.
Math. J., 52 (2003), pp. 157-169.

J. SICIAK, On some extremal functions and their applications in the theory of
analytic functions of several complex variables, Trans. Amer. Math. Soc., 105
(1962), pp. 322-357.



BIBLIOGRAPHY 55

[22| ——, Extremal plurisubharmonic functions in C", Ann. Polon. Math., 39
(1981), pp. 175-211.

[23] ——, Extremal plurisubharmonic functions and capacities in C", Sophia
Kokyuroku in Mathematics, 14 (1982).

[24] J. WALSH, Interpolation and approzimation, American Mathematical Society,
1935.

[25] V. P. ZAHARJUTA, Extremal plurisubharmonic functions, orthogonal polynomi-
als, and the Bernstein- Walsh theorem for functions of several complex variables,
in Proceedings of the Sixth Conference on Analytic Functions (Krakow, 1974),
vol. 33, 1976 /77, pp. 137-148.

[26] A. ZERIAHI, Fonction de Green pluricompleze & pdle a l'infini sur un espace de
Stein parabolique et applications, Math. Scand., 69 (1991), pp. 89-126.



56

BIBLIOGRAPHY




