A MULTILINEAR GENERALISATION OF THE HILBERT
TRANSFORM AND FRACTIONAL INTEGRATION

STEFAN INGI VALDIMARSSON

ABSTRACT. We study a multilinear analogue of the Hilbert transform.
As can be expected, the finiteness of the form depends on cancellation
properties in the kernel and care must be taken in the definition of the
form. We show how to define the form in terms of distributions and
prove LP bounds for that form.

In the second part, we study an analogous form on the level of frac-
tional integration. This has been studied in one form by Drury. We
note the LP bounds for it and find the optimal constant for this bound
in the case with the most symmetries. We also determine all functions
which are optimisers for this inequality.

Finally, we consider analogues of the fractional integration form in
directions similar to those of Beckner’s approach for multilinear multi-
linear Hardy—Littlewood—Sobolev inequalities.

1. INTRODUCTION

1.1. Overview. The Hilbert transform and the fractional integration oper-
ator acting on functions on R can be viewed as convolution operators with
a kernel which involves calculating the volume of the simplex in R whose
vertices are two points, 1 and xo, that is, calculating the difference o — 7.

One way of extending these operators to higher dimensions is to multi-
linearise them and consider n forms, defined for functions on R~ whose
kernel involves calculating the volume of the simplex in R®~! whose vertices
are the n points, x1, ..., z,, that is, calculating det (gcl1 . xln).

In this article we will consider two such forms. The first lives on the level
of the Hilbert transform, so that the LP—boundedness of the form relies on
cancellation properties of the kernel and care must be taken to properly
define the form. This form has not been considered before in the literature.

The second form lives on the level of fractional integration. Such a form
has been considered before by Christ [7], Drury [8] and Baernstein and
Loss [1] because of its relation to questions regarding the k-plane transform
and the restriction of the Fourier transform. In particular Drury proved
LP-boundedness for the form or rather a closely related analogue of it for
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2 STEFAN INGI VALDIMARSSON

functions defined on the (n — 1)-sphere. For this form we address the ques-
tion of finding the best constant in the inequality which the gives the LP—
boundedness of the form. Such questions have been answered for the frac-
tional integration operator by Carlen and Loss [6], see also the book of Lieb
and Loss [10], using symmetrisation and conformal invariance. We adapt
these techniques for the form we wish to consider.

Furthermore, Beckner [2] has considered multilinearising fractional inte-
gration in a different way, and we remark that it is possible in some sense
to combine these two methods of multilinearisation.

Finally, all of our techniques rely on some geometric invariance which
among other things makes it possible to formulate all of our results on
Euclidean space, spherical space or hyperbolic space.

Parts of this work were done as a part of my PhD research at the Uni-
versity of Edinburgh. I would like to thank my supervisor Tony Carbery for
his advice and encouragement. I would also like to thank Almut Burchard
for useful discussions.

We now turn to the statement of our results.

1.2. The singular integral. The object we wish to study is the n-linear
form given formally by

1) A fo) = /(Rn 5 gle(tx(li xlf?(:n)) dzy day ... da,

where z; € R"™!. In the determinant we interpret the variables z; as column
vectors, adjoin a top row containing only 1 and thus get a square matrix.
For n = 2 we have

Mo = [ [ frp way= [ [ 00 asay = nirg g

where H f denotes the Hilbert transform of f so in this case A is the bilinear
form associated to the Hilbert transform. For n > 3 we can see A as an
n-linear generalisation of the Hilbert transform.

There is a closely related form defined for n functions on the unit sphere
5™~ given by

(2) As(fl,...,fn) = /(S fl(wl)”’fn(wn) dwl dWQ... dwn.

n1yn det(wi, ..., wn)

The integrals (1) and (2) are not absolutely convergent so we replace them
with
? (fi(e1) — f(*))f() fu(@n)
A o)== 1(T1 1\X1))J2\Z2) - Jn Tn
(f1,- -5 fn) / det (21 L)

1 :(:2 e Ty

dl‘l dl‘Q N d:l?n
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where z7 is the reflection of z; in the hyperplane determined by the other

variables and

(4) 1 [ (filwr) = fi(w])) fa(ws) - - fa(wn)
wi) — f1(w wa) -+ fnlwn

As(fl,,,,7fn);:§/ 1(w1) = fi(wi)) fa(we

det(wy,...,wp)

dwi dws ... dw,

where w7 is the reflection of w;y in the great hypercircle determined by the
other variables.
As a purely formal exercise we can calculate

A(fi,-. s fn) =2 /(fl(xl) dg;((ﬁ))h(ml))f"(x") dridzs... dz,

T1 T2 ... T
/fl x1) fa( 332  faln)
det 1

:c1 xz xn)

__/fl xl f2 .1'2 fn(xn) dmldmgdxn
det xlxz

dxidxs ... dz,

1Y
.. Ip
/f1 1) fa( 1172 J:n(iﬂn) dzy dzy . .. dz,,
det (g, 2y 2 )
since the change of variables 1 — ] has Jacobian 1, 7" = z; and
det<1 1. 1> :_det<1* 1. 1>
r1T T2 ... Ip Ty T2 ... Ip
which follows by noting that the determinants are the signed volumes of the
simplices whose vertices are z1,...,x, and x],x2,..., %, respectively and

these simplices have the same unsigned volume but different orientations.
The following lemma establishes that (3) and (4) are sensible definitions.

Lemma 1. Let f1,..., fn be functions in C°(R"1) or C>°(S"~1). Then

(1) the integrals in (3) or (4) are absolutely convergent,
(2) the numerator (fi(x1) — fi(x}))fa(z2) - fu(xn) in (3) can be re-

placed by
fi(@) - fima(zim1)(fi(@i) = fil@)) fivr(@ign) - -+ fa(zn)
for any i =1,...,n without affecting the value of the integral and
(3) the numerator (fi(w1) — fi(wy))fa(w2) - fulwn) in (4) can be re-
placed by
fr(wi) - ficr(wioa)(filwi) = filw]) fisr(wir) -+ fa(wn)
for any i =1,...,n without affecting the value of the integral.

The symbols z7 and w; have the obvious meaning analogous to z] and
wi.
What we are interested in are estimates of the form

(5) IACf1s s Pl S W fallper gn1y - [l Lo re-1)



4 STEFAN INGI VALDIMARSSON

and

(6) As(fi, - fo)l S 1falloersn—ry - [ full Lo (sn-1y

where A < B signifies that there is an absolute constant C', depending only
on the dimension, such that A < C'B. We shall prove the following theorems.

Theorem 2. Let S be the closed polytope in R™ whose vertices are the n
permutations of the n-tuple (%=2,...,2=2 1). Then (5) holds if and only if

o SRR e

(pil, e pin) lies in the interior of S, relative to the hyperplane that S lies
in. Forn > 3, the estimate holds on the boundary of S if each f; with j for
which 1% = =2 js restricted to be a characteristic function of a set but the

j n—1
other f;’s may be unrestricted. The estimate fails if any f; with j for which
1 n—2

il A taken unrestricted.

Remark 3. Each point (g;) in S lies in the hyperplane II defined by the

equation
n
Z qgj =mn—1.
j=1

When we speak about the exterior, the interior and the boundary of & we
understand it to be taken relative to II.

To state our result concerning (6) consider the set of points (z1,...,2,) €
R"™ such that z; > 0, > ; z; <n—1and Z;??l zi; < ij’f“
A= {i1,... i} of {1,...,n}. Call this set S.

Theorem 4. Inequalz’ty~ (6) holds z'f(pil, ce pin) liesin S. It fails z'f(pll, cee pin)
lies in the exterior of S. For n > 3, the estimate holds at a vertex of S if
each f; is restricted to be a characteristic function of a set but it fails if the
fj’s are unrestricted.

for any subset

By specialising these theorems to the centre of S we get:

Corollary 5.

n

=1

Corollary 6.

n

(8) [As(f1,---s fn)l ng”fiHL%(snfl)'
i=1

To make the geometric picture complete, we note that the integrals (1)
on Euclidean space and (2) on the sphere have a close relative on hyperbolic
space. To formulate that, following Beckner [2], we let H"~! denote the
two-sheeted hyperboloid in R™ given by

H" ' ={Q = (q0,7) e RxR"': ¢ —|q| =1}.
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This set has a measure, dv, which invariant under actions of the Lorenz
group O(1,n — 1) and this set-up is a model for hyperbolic space.
We consider the form

B Ji(ar) -+ fn(qn)
(9) AH(fl,...,fn) = /(H"l)n det(ql,...,qn)

Note that when calculating the determinant, each ¢; is viewed as a column
vector in R™. This is a singular integral but a suitable variant of Lemma 1
holds so that the definition is sensible. We are interested in estimates of the
form

(10) A (frs- s f)l S Allzercavy - 1 fnllzon (av)-
We prove:

dv(q) - -+ dv(gn).

Theorem 7. An identical statement to the one in Theorem 4 holds for
inequality (10).

1.3. Best constants and optimisers. In Section 3 we look at fractional
integral analogues of the multilinear forms above. Define for 0 < a < 1

(11) Ao(fi, - oy fn) = f1(:1311) 1f"(fjn)a dz; dzy ... dz,

) det (G )]
where z; € R"!. Also define

(12) Asa(fise oy fn) = fr(wi) - folwn)

) Jdet(wi, ..., wn)|®

dwi dws ... dw,

where w; € S"~1. Finally, define

fila) - falgn)
13 Am o ,...,n::/
( ) ]HL (fl f ) (anl)n ’det(ql, “ e 7qn)‘a

As in the Hardy-Littlewood—Sobolev theorem concerning fractional inte-
grals, the boundedness of these multilinear forms does not rely on cancella-
tion properties of the kernel. Indeed, we have that

dv(qr) - dv(ga).

(14) [Aa(frs s f)l S I fllposa - I fn-1llpo.a 1 fnll1;

(15) [Asa(frs- s fa)l S Ifillpoa -+ I fn=1llpo.oll fulla
and

(16) Ao (f1s- s )l S I fillpo -+ 1 fn=1llpo ol fulln
where 1/ppo =1— a/(n —1). As before, interpolation gives that
(17) [Aa(fi- o )l S 1 fillpa - - 1 fnllpas

(18) [Asalfi - )l S I fillpa - 1 fnllpa

and

(19) [Ama(frs o )l S I fillpa - 1 nllpa



6 STEFAN INGI VALDIMARSSON

where 1/p, =1 — a/n. These results can be proved with the same methods
we used for the singular integral version and in fact this has already been
done for Ag, by Drury [8]. Because of the absolute convergence there is no
question about how the forms are defined and this makes the proof slightly
simpler.

There is an implied constant on the right hand side of inequalities (17),
(18) and (19). We will give a minimum value for these constants and identify
the functions that give equality with them.

To state the theorem, let us define

’Aa(fla EEE) fn)‘
H(f1y. oy [n) =

1fillp - I fnllp

where for the rest of this section we have fixed p as p,. Also define
1
(20) b)) = ————
(1+ |zf?)2

We prove the following.
Theorem 8. The n-tuple (k,...,k) is an optimiser for the operator A, in

the sense that

sup H(fi, . .- fu) = Hk, .., K).

fi>0
Furthermore, if the tuple (f1,..., fn) of non-negative functions is an opti-
miser for A, then there exists an n X n matriz A with determinant 1 and
c; >0 for 1 <i<n such that

(21) fi(z) = c|A(E)|| 7% for each 1 <i<mn
and conversely, all tuples of functions of this form are optimisers.

The analogous theorems for Ag, and Ap, are stated and proved at the
end of Section 3.

1.4. Relations to the results of Beckner. In [2], Beckner considers mul-
tilinear analogues of the Hardy—Littlewood—Sobolev inequality which take
the form

N N
JT a0 T foi=a ™ oy doy < CTL 1l
k=1 k=1

1<i<j<N

for non-negative valued functions on R™. For certain ranges of the param-
eters 7;; and py this inequality possesses a conformal invariance and he
shows how it is possible to write down equivalent inequalities for the (Rie-
mann) sphere S™ and for hyperbolic space H". Furthermore, by playing
this invariance against symmetrisation techniques as Carlen and Loss did
for the original Hardy—Littlewood—Sobolev inequality Beckner gives the op-
timal value of the constant C and also all the functions which furnish it.
This idea is also a theme in our work but we would like to note that in the
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work of Beckner and Carlen and Loss the mappings between the underlying
spaces are conformal whereas in ours they are not.

Furthermore, it is possible to extend our results in the spirit of Beckner
to multilinear forms of the type

N
(22) L(fi,....fn) = / ka(iltk) H V(xili € P)" P dxy--- day
k=1

PeP
with z; € R*! for i = 1,..., N and each P in the collection P is a set of n
indices from {1,..., N} so that {x;|i € P} is the vertex set of a simplex in

R"~! whose (unsigned) volume is denoted V (z;|i € P). In this case we are
interested in inequalities of the form

N
(23) I’y(fly"‘afN)§0H||fk||pk'
k=1

The condition n
— + TP =N
Pr P
must hold for £ = 1,..., N in order for the geometric invariance which we
want to exploit to exist. Additionally, the kernel must be locally integrable.
Clearly, a sufficient condition for this is that

(24) d <t
PeP
but in general this is not necessary.

We will not attempt to locate a set of sufficient and necessary conditions
for integrability, but we remark that in the simplest new case, when the
integration is over x, y, z and w which are elements of R? and the integral
takes the form

(25)
[ F1@) o) fo(2) Fa(w) =
@)t Jaet (35 1)]7 et (2 4] ldet (3 1) et (3 11)]

then the sufficient and necessary conditions are
(26) 0<a,03,7,0 <1 and a+8+y+4d6<2.

If the integrability condition and (24) hold and if I, cannot be factorised
into the product of two integrals then more or less the same arguments as
for the case of a single determinant give that the optimisers for (23) are
exactly those of the form (21) with the power p in the exponent replaced by
Pr as appropriate.

We discuss these issues in Section 3.1.

Remark 9. If we take N functions on R®~! then the multilinear fractional
integration kernel of Beckner which is a function of N points is formed by
taking pairs of these points and for each pair considering the convex set
determined by the points in the pair and taking the suitably defined volume
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of this convex set. Similarly, the form (22) involves a kernel which again is a
function of NV points and is formed by taking subsets containing n of these,
considering the convex set determined by them and taking the volume of
this convex set. Curiously, taking subsets of k£ points, for 2 < k < n, and
considering the volume of the convex set they form and forming a kernel as
a product of those gives forms which do not seem to possess a geometric
invariance which is suitable for the type of analysis which we do here.

2. THE SINGULAR INTEGRAL

For n > 3 the positive results of Theorem 2 follow from the following
estimate.

Theorem 10. Let n > 3 and Xg,,-..,XE,_, be characteristic functions of

n — 1 measurable sets in R" ' and f, be a measurable function on R"1.
Then

@7 AXE - XE s )l S IXEllaz X et [l

Let us note how we can use multilinear interpolation to pass from this
estimate to the general result of the theorem. Firstly note that convexity

gives directly that (5) holds for tuples (pll, ce pin) in S if each f; is restricted
to be a characteristic function f;. Now take an element p € & and assume
that p%- = 222 if and only if j < k where k < n. Let us fix sets E; for

n—1

1 < 5 <k and note that we have

(28) A xS TT Il TT I, llo,

n—2
i<k >k

if each g; is sufficiently close to p; and

n

1 9
P R “(n—k—1).

. n—
j=kr1 4

This shows that we can use Marcinkiewicz interpolation, see for example [9],
to strengthen this result to

(29) ‘A(XEN‘ .- 7XEk7fk+17 .- 7fn)‘ 5 H ”XEJHZ—:é H Hf]Hpg
i<k i>k

By permuting the indices we arrive at the estimate of the theorem.
The remaining parts of Theorem 2 can be seen from examples which we
now present.

Ezample 11. Let us assume that inequality (5) holds for the dilated functions
$1(R)s -+ Pn(g) for all R > 0. Then

$1(F)s - on(B)
1

R
det (4 o 10 an)

dorday .. doa| S 1617 I - 90l
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SO
P1(F)s-- - 0n(g)  day dap dzn  pnm-1)
det (2 s 7 4 ) - Rrot BOTHRTL R
R R R
n n—1
S (HR v ) [61llpy - - nllpn
i=1
SO
R(n—1)2 S RZ(n_l)Flz
SO
(30) f: R
i=1 Pi ‘

Ezample 12. As stated above we get for n = 2 that A(f,g) = «(H/f,g)
where H f is the Hilbert transform of f. Thus by well-known properties we
see that

AL DS 1 el

31 1 1
(31) if —+—=1 and 1< p1,p2 < o0.
p1 P2

Aside from the endpoints, this is the best estimate we could hope for in the
light of the previous example.

Ezample 13. When n > 3 there is a further restriction on the values of p;
for which (5) can hold.

To see this let us first of all note that there exist non-empty open cones
Ci,...,Cp, with vertices at the origin in R"~! such that if x; € C1,...,z, € Cp

then
det<1 1>>0.
':Ul o« e xn

To construct these cones we can for example take fi1,...,u, € S* ! to be
the vertices of a regular simplex with centre at the origin. We shall denote
the simplex whose vertices are vy,...,v, by 7(,,). Now, the signed volume
of 7, is given by

(32) det (/}l 5 lj)

which can therefore not equal zero and we may furthermore assume that we
have carried out the numbering of the p’s in such a way that this determinant
is positive.

Let us note that if the origin lies in the interior of a simplex 7,,) then it
also lies in the interior of 7, ,,) for any positive scalars r;. We can prove
this iteratively if we know that this holds when all of the r;’s except one
equal 1. We may then further assume that this exceptional r; is rq.
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Now, the origin lies in the interior of 7(,,) if and only if the line connecting
1 and the origin intersects the interior of the facet opposite 11 and this
intersection lies beyond the origin. If we replace v; by rvy for » > 0 then
this line and the opposite facet remain unaltered and the intersection will
still lie beyond the origin.

Now let M; be a small neighbourhood in S”~! around v; such that for
any tuple (fi;) in My x --- x M,, we have that the determinant in (32) is
positive and that the origin lies in the interior of the simplex 7.

By what we have said it is now clear that we may take C; to be the smallest
cone with vertex at the origin which contains M;.

With this set-up in hand we let ¢1, ..., ¢, be non-negative C2° functions
such that supp ¢; C C;. We also insist that ¢; is supported in |z| < % for
1=1,...,k while ¢; is supported in % <|z|<1lfori=k+1,...,n. Herek
is an integer between 1 and n. These conditions will continue to hold if we
replace all the ¢;’s for i < k by ¢;c: x+— ¢;(£) for e < 1. Now,

1 - 1
det<$1 :En):det(l‘2—l‘17"‘,$n—$1)§|l‘2—$1|“'|$n—$1
by Hadamard’s theorem so

A(qbl,ea v >¢k757 ¢k+17 e agbn)
>/ o1(%2) ... Ok (ZE) rs1(Thr1) Pn ()

~ |zo — 1] ... |xg — 21||TK11] - - - |20

dzp ... dz,

because we have |z; — z1| ~ |z;| for all i > k. We then have

A(¢1,67 o 7(25/6 67¢/€+17 .. 7(2571
> (n—1)k—(k-1) / / ¢1’ . xl‘ Pr (2 ‘5 L) ppy1(Thr1) - - - Pnlwn)

~ L= HHlwpgal - o)
dx, dzy,
prr S drgsy ... dzg,

n 1 k— (k 1 / / ) ¢n($n) df]}'l df]}'
> ... dz,
|2y — :171| |!17k —x1|[psa]. - |zn)

and

k (n_1) Zk L n—1
n— A
H [@iellp; =€ T H 163 lp:
i=1 i=1
so we must have
((n=Dk=(k=1) < (n=1) S1h fore< 1

SO

(n—2)k+1 Ek:i
n—1 — Dpi
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In particular, for &k = n — 1, this tells us that

n2 —3n+3 el 1
n—1 pz

and this together with (30) and renaming of the variables gives us that

1 . n—2
— >
(33) pl=
for all i = 1,...,n. The polyhedron defined by (30) and (33) has the per-

n—2 n—2
., 1) as vertices so we see that (5) can

mutations of the n-tuple <
only hold at points in S.

Ezample 14. Let us see that we cannot hope to strengthen the estimates on
the boundary of S to strong-type estimates.

We let C; be as in the previous example and take ¢; to be non-negative
functions supported in C;. Assume that ¢; is supported in |z| < 1 for i <n
and ¢, is supported in |z| > 10. As before we can estimate by Hadamard’s
theorem and get

(34) Aoy, ... dn) = / / d1(x1) - PnlTn) dz; - - - dz,,.

|z — 21| - Ixn 1 — x1] |2y

Let us now assume that ¢, has the form ¢,(x) = ¢, (w)o,(r) with x = rw
in polar coordinates where ¢,(r) = (r""2logr)~! for 10 < 7 < b. Then the
right hand side of (34) contains a factor larger than

b b
1 1 d
/ S — N :/ ! = log b — log 10.
10 (r"2logr)r logr r

On the other hand we see that

-2 -2
1 n n

b n—21 n—1 b n n—1
1 n—2 1 n—2 d
[@nllazs = C (/ <7_2 ) P2 dr) —C </ < > —T>
n—2 10 \r"“?logr 10 \ogr r

which is less than a constant independent of b. Since b can be arbitrarily
large we get a contradiction unless

1 n—2

p;  n—1

Remark 15. It is clear that we can adapt Example 11 for R < 1 and Exam-
ple 13 to the form Ag. This proves the negative part of Theorem 4.
Let us see that the positive part of the theorem follows from proving the

estimate for points (p—1 ..,ﬁ) in the interior of S (relative to H). Take
p € S. By reordering the indices, we may assume that 1 > - 1 . Our
aim is to find a point ¢ = (q%’ o L) in the interior of S such that qZ < p;.

The main argument in the proof of Theorem 4 applies to the point ¢ and
the result for p follows since the underlying space S"~! is compact.
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(1,1,0)

599

FIGURE 1. n = 3 The estimate (5) holds in the open un-
shaded region and fails in the open shaded region.

Take ¢ such that there exists a iy so that ¢; = p; for i < ip and ¢; = ¢,
for ¢ > 4. Furthermore we require p;, > ¢;, > pi,—1 and z L — 5 —1. Note
that either g1 = p; > 1, where the strict inequality follows from the defining
inequality for S in the case k =1, A = {1}, or ¢; = =L > 1 for all i. Also,
the defining inequality gives in the case k =ig — 1, A= {1,...,ip — 1} that

Zol Zol

Z Z

n—Q(Zo—l)—l—l
n—1

so we get that

1
qio

(n—2)(ip—1)+1 n—2

Z_ n—1

Qz

>:

Proof of Theorem 10. The proof will be based on Theorem 4 and Lemma 16
below. First of all we note that

n—zo+1<

This shows that ¢ is in the interior of S as required.

n—zo+1 n—1

AKE X8y )l = [ X2 ;{e’tx(iiifﬁ{;”f w0 4o da,
= Ifall sup| XEét()me:U()) Ao Aoy




MULTILINEAR HILBERT TRANSFROM AND FRACTIONAL INTEGRATION 13

where E; := E; — x,,. Since Xz, lp = lIxEllp we will drop these tildes.
Let us then define A(xg,,...xE, ,) to be the quantity inside the modu-
lus signs on the far right hand side of the last chain of inequalities. We
change to polar coordinates, x; = r;w; with r; € Ry and w; € S"=2. Then
det(z1,...,2p-1) = r1-+-rp_1det(wi,...,wy—1) and dx; = 7’?—2 dr; dw;
(dw; is the unnormalised induced Lebesgue measure on the sphere) so

! XE (Mw1) -+ XEp_y (Th—1Wn—1)
A =
(ree ) = [ KN T
. (7‘1 - ',"n_l)n_2 drl . drn_l dwl . dwn_l
o Fn—l(XE1)(w1) e Fn—l(XEn—l)(wn—l)
= dwi -+ dwp_1
det(w1, ..., wp—-1)
(35) = As(Fn-1(XE1)s -+ Fu1(XE, 1))
where F,_1( fR (rw)r™ 3dr and in (35) we have that Ag acts on

functions on S” 2. Thus we have separated A into a radial part, F,_;, and

an angular part. By Theorem 4 we can estimate (35) by a constant multiple
of

1Fua Ol g g+ WPt O3
so Theorem 2 will follow from the following lemma. O

Lemma 16.

36 F, S n
( ) || n— I(XE)H (5m-2) HXEHLn 2 (Rn— 1)

Remark 17. We note that the estimate in this lemma does not hold for gen-
eral functions as can be seen by testing on the function f(rw) = (r"2logr)~!
similarly to Example 14.

Proof of Lemma 16. If n = 3 we want to prove that

/R+ xg(rw)dr

which is equivalent to

2
/ / XE(rw)dr dw,ﬁ/ / IxE (rw)?r dr dw.
St R+ St R+

Define E,, := {r € Ry : rw € E}. We see that it is enough to prove that
B> S p, 7 dr holds for each w € S L. The left hand side in this inequality
depends only on the measure of E,, and the infimum of the right hand side,
for sets of fixed measure, is clearly attained when E, = [0,|E,|]. In this
case [ rdr= HEL|? s0 |B,% < 2 [ rdr.

S HXEHL2([R2)

LQ(SI)
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More generally, the same reasoning shows that |E,|" < [ I rm=ldr. Tt
follows that

-3 —3\ =2 Z_:g 1_2_:3 O
/ "o dr < / (r"72)n=3 dr / dr (by Hélder)
-3 1

= </ P2 dr> " </ dr> "
” n—3 ”
< < / P2 dr)

1
n—2 _9 (n—2)(n—1)
/ r"4dr
n—1
= </ r"_2d7‘>

which is to say that

=
(/ 3 dr> SJ/ r"2dr.

n—2

Then we see that

/ / XE(Tw)r"_?’ dr
Sn72 RJr

dwg/ / xe(rw)r" 2 dr dw
Sn—2 RJr

F_ < ne .

This completes the proof of the lemma. O

SO

Proof of Theorem 4. For n = 2 we see that

Ji(wi)f
At = [ [ IRy g el

U= Ltan 1(w—

provided that p;,p2 > 1 and pll—i-p% = 1 since (sin(w; —wy)) ™+ =
wa) + % cot %(wl — wy) so the left hand side is the sum of two Hllbert trans-
forms and the result is known.

So that we have a clearer relation with the proof of Theorem 10 we shall
now change our indexing and in effect increase n by one. We will proceed
by using induction and will assume that we have some n > 4 and that we
have proved Corollary 6 on S™3, that is
(37) [As(fis-- o fa2) Sl 2 szl 2

L_S(Sn 3 Sn 3)

and we are interested in proving
(38) [As(f1s- s fa—)l S N fallper(gn-2y - - - ([ fn-1llLrn—1 (5n-2)

with (pll, e Iﬁ) in the interior of S (with n replaced by n—1). Again by

multilinear interpolation, it is enough to prove the estimate for characteristic



MULTILINEAR HILBERT TRANSFROM AND FRACTIONAL INTEGRATION 15

functions at the vertex (n — 1-tuple) <Z—:§, .., 03 1). We proceed in the

Y n—27
following manner. By definition, Ag(f1,..., fn—1) equals
1 [ (filw) = fi(wi))fa(wa) -~ fao1(wn—1)
(39) 2/ det(wy, ... ,wn—1) dwr -+ dwp—y

where w] is the reflection of w; in the great hypercircle containing ws up to
wp—1. We bound this by

1/ (fi(w1) = fi(w?)) fo(wa) - fr—2(wn—2)
2 det(wr, ..., wn-1)

| fn=1ll1(sn—2) sup dwy -+ dwp—2

Wn—1
We thus want to show that
}/ (filw1) — filw]) fa(wa) -+ - fn—2(wn—2)
2 det(wy,...,wp—1)
<
S Al 3 ey el

n—2 n—2
n—3 (Sn72 n—3 (Sn72)

sup
(40) Wn—1

dwl cee dwn_g

holds for all f; being characteristic functions.

By rotational invariance, we can take w,_1 to be the north pole (é) We
then split the integral in each of the variables w; ...w;,_o into two integrals,
one over each hemisphere.

Because

det(wi, ..., —wiy...,wp—1) = —det(wy,..., Wi ... ,wWp—1)
it is enough to consider the integral over the northern hemispheres
5_7__2 = {wo = (wo1, . - - 7&)0’”_1) S e wo1 > 0}.

Since wj is the reflection of w; in a great hypercircle containing the north
pole we see that w; and w] will always lie in the same hemisphere. To work
with the integral over S” 2 we change variables from 72 to {1} x R"72.
Specifically, we write wqy € 51_2 as (cos fp,wo sin fp) where 0 < p < 5 and
W € S"3. Define

1

P(wp) := p—, (cos by, wp sin b)) = (1,wp tan Oy).

Since @y € S™ 3, the expression wpsinfy for a fixed @y parametrises an
(n — 3) dimensional sphere of radius sinfy and the expression wytan 6
parametrises a similar sphere of radius tan 6g. This contributes a factor

sin 90 n=3 n—3
tan 6 = cos™ "
0
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o (JY ™1 (¥(wp)) = cos™ ! #y. The integral (40) thus becomes

n—1

/ fl(T/J_l(E ))fn 2( 1 .Z'n 2 HCOSQ G da

({l}an72)n—2 det< Tn_2 1> 20 1 n—>2
[@1]7 " [@p—2] O

and we can pull |Z;| = /1 + tan2 ;9 = (cos 0;0) ! out of the determinant.
Let 7; = ( Z) and ¢ 1(%;) = ¥ '(y;). Then since

we see that the integral becomes

/ AW W) - fam2(P (yn2) H _dyr -+ dyn
(Rn—2)n—2 det(yl,...,yn 2 e 1""% ) 2
:/ / fl(J_l(T1w1))---fn—2(¢ Y (Tp—2ln—2))
(S 3) (Ry)m— ?1 .?n_Q det (&1,...,(,0”_2)
H (r1. Fn_g)n_3 dry--- drp_odwy -+ - dwp_o
i—1 1+r =

where we have changed to polar coordinates again. By the induction hy-
pothesis we can estimate the angular part of this by

fl n—4
HH / = I Lt g

We want to bound thls by
n—2

2131 ”fz'”L%(Snﬁ)-

for characteristic functions f;.

Similarly to the proof of Lemma 16 this boils down to proving
n—2

rn—4 n—3 TTL—3
/ 7n4dr 5 / 7Hd7‘
E(1+7r2)2 E(1+7r2)=

for all measurable F C R,..
To prove this we note first the following;:

m—+1 m
</ 1 2d7‘> 5/ Tiwd'f
gl+r E(l+7r2)"2

1f:2 = da and (1 + %)% = (1 +

= cos a so what we want to prove is

m+1
</~ doz) ,§/~tanmacosm0zda:/~sinmada.
E E E

To see this let r =

tan® o) ~1/2



MULTILINEAR HILBERT TRANSFROM AND FRACTIONAL INTEGRATION 17

In fact, we only have to prove this for E C (0,¢) where ¢ > 0 is small. In
that case we can substitute the first term in its Taylor series for sin” a and
then the result follows from the proof of Lemma 16. Now this already proves
the result for n =4 (take m = 1).

For n > 4 we calculate using Holder’s inequality

n—4

n—4 n—3 n—3 1 n%
/ 77" dr < /~ _ — dr </~ — d7‘> ’
BE(1+72)" 7 E(1+1r?)7= gl+r

n—4

1
n—3 n—3 n—4 (n—3)2
S /~ 7‘7%1 dr /~ Timz dr
E(1+7r2)72 E(1+r?)"=

and the result follows.
Now Theorem 4 follows for all n > 3 by induction. U

Proof of Theorem 7. The proof follows the induction step in the proof of
Theorem 4 closely. We will only indicate the differences.

We may immediately reduce ourselves to the case where the functions f;
are defined on H:ﬁ_z, the upper sheet of the hyperboloid.

Next, inequality (40) contains a supremum over ¢,_1 € Hi_2' Instead of
rotational invariance, we use invariance under the action of O(1,n — 2) to
show that we may take ¢,_1 as (). Here it is important to note that if g,—1
is in the upper sheet and A € O(1,n —2) takes g,—1 to () then det(A) =1
SO

det(Aqy, ..., Aq,) = det(A)det(q1,...,q,) = det(q1, ..., qn)-

For the definition of the map ¥ we note that gg € Hi‘z can be written
as (cosh 0y, wg sinh ) where 0 < 6y and @y € S"3. Then we define

¥(qo) ==

With the trigonometric functions replaced by the corresponding hyperbolic
functions the ensuing calculations go through. We note that

Sotg (cosh o, G sinh ) = (1, tanh fo).

1
coshfjg = ———
(1 —[yil?)2
and see that eventually we wish to prove the estimate
“H(r ) nt
d <
H I, o r2> ] g H 15,58 g

for characterlstlc functions f;. We note that in the integration on the left
hand side, the variable r arose as |y;| = tanh 6y < 1 and this gives the limit
of integration. As before this reduces to proving

n—2

n—4 n—3 n—3
/ Timdr 5 / rinfldT
E(1—r?)2 E(l—r2)2z
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for all measurable E' C [0,1 — €] which follows the same lines as before and
the bound does not depend on e.

With this we have reduced integration over H" 2 to an integration over
S"73, 50 now the statement of Theorem 4 applies. O

Finally, let us return to the question how the forms are defined and prove
Lemma 1.

Proof. To begin we take n = 3, the case n = 2 which is the Hilbert transform
is of course well known. We thus want to show that

1 (f1(z1) — f1(2])) fa(w2) f3(23)
2 \/]RZ /]RZ /]RQ

det (4, 2, a5

is bounded. We can write this as
fa(w2) f3(73)

ilen) — Al
/R/R/R i | Dlay, )

where D(xg,x3) is the distance between xo and z3. We see that the z;

integral is bounded as if z7 is close to x1 we can estimate the integrand by

f1(z1) and otherwise we can estimate it by a multiple of | fi(z1)| + | f1(x7)|.
For the other integrals we see that it is enough to show that

1
—_— d:l?g dl‘3
/BR(O) /BR(O) |D (22, 23)]

is bounded where Bg(0) denotes the ball of radius R around the origin. By
letting x3 = x2 + y we can estimate this by

c/ dy
Bar(0) 1Yl

and by changing to polar coordinates y = rf we can estimate this by

rdr
I
r<2r T
which is clearly bounded.
For the general case we proceed in the same way and we reduce our
problem to showing that

d:El dl‘Q d:Eg

d:l?g d:Eg

1
(41) / / — —day... dz
BR(0) Br(0) | D(@2, ..., 7)) "
is bounded where Bgr(0) is a ball in R*~! and D(x,...,,) is the n —
2 dimensional volume of the simplex whose vertices are xs,...,T, in the

hyperplane of R"™! in which these points lie. As in our main argument,
the boundedness of this can be shown by changing variables to separate
out the contribution from zo, changing to polar coordinates in the other
variables, bounding the radial part directly and finally changing variables
in the angular part to reduce to (41) again but with one less variable. The
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same argument works for Ag and thus we have shown the first part of the
lemma.
For the second part we wish to show that

(42) / (fi(@1) fo(x3) — fr(x}) fa(x2)) f3(x3) - - - fulTn)
det (4 2y 1 o )

We note that almost every tuple (x3,...,x,) lies in a uniquely determined

affine plane in R"~! of codimension 2 and we can write 21 = x19-+7(cos(f)e;+

sin(f)es) and xo = x99+ s(cos(P)er +sin(p)es) where x1g, 299 lie in this plane

and e; and eg are orthogonal unit vectors orthogonal to the plane. With

these definitions we get that

dxy--- da, = 0.

11 ... 1 .
det <x1 _— $n> = D(z3,...,zpy)rssin(d — ¢)
where now D(z3, ..., x,) denotes the n—3 dimensional volume of the simplex
whose vertices are x3, ..., x,. With this we can write the integral in (42) as
(43)
fas)-- - f(xn) / (f1(z1)fa(a5) — fr(a7) fa(w2))
dzid dzg--- dzy,.
/ D(zs,...,xy,) rssin(f — ¢) e *

As above we can justify that the quantity outside of the inner integral is
integrable. Let us therefore study the inner integral more carefully. We
define A, = {(z1,z2)||sin(@ — ¢)| > €}. This definition depends on the
variables x3,...,x, but we shall suppress that. Note that lim. g4 =
(R™1)2 almost everywhere.
Let us study the inner integral in (43) restricted to the set A.. First of

all note that
/ fi(z1) fo(23) 1

A, |Tssin(d — ¢) rssin(f — @)

where we have carried out the z19 and 9y integrations and used the as-
sumption that f; and fo are compactly supported. We note that the last
integral is clearly bounded although the bound depends on e.

For the whole inner integral restricted to A. we are therefore justified in
calculating

d:l?l dl‘Q S C
{r<R}N{s<R}NA,

rsdrdsdfde¢

(f1(z1)f2(25) — fi(=7]) f2(22))
/Aé rs Szin(H — qS)l dz dz
[ filz)fa(23) iy dig — f1(@7) f2(x2) dz; dis,

~ Ja, rssin(d — ¢) 4, Tssin(0 — ¢)
A change of variables z3 — 3 in the first integral and x; — 7 in the second
yields
f1(@1) fa(2) fi(x1) fa(22)
A, —Trssin(f — ¢) a4, —rssin(f — ¢)

Since the integral in (42) is absolutely integrable we get by letting € pass to
0 and an application of the dominated convergence theorem that (43) holds.

dl‘l d:l?g — d:l?l dl‘Q =0
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This completes the proof of the second part of the lemma and the third part
is proved similarly. O

3. THE FRACTIONAL INTEGRAL

Proof of Theorem 8. Let us introduce the Steiner symmetrisation of a func-
tion. For E C R™ of finite Lebesgue measure we define the symmetric
rearrangement of E as the open ball centred at the origin that has the same
measure as . We denote this by E*. We then define the Steiner sym-
metrisation, R;f = f*/, of a function f with respect to the j-th coordinate
direction as

[e.e]
f*j(x17 st an) = /0 X{‘f(wl,...,IE]‘,1,',Ij+1,...,ibn)|>t}* (‘T]) dt

We can see that f*/ is a non-negative measurable function which decreases as
the absolute value of the j-th coordinate increases. Also, f and f* have the
same distribution functions and therefore ||f|, = || f*||, for all 1 < p < oo.
Finally, we can see that the map f +— f* is order preserving, in the sense
that if f and g are two non-negative functions and f(z) < g(x) for all x
then also f*(z) < ¢g*(x) for all .

We would now like to estimate Ay (f1,..., fn) by Aa(fr,.-., f). Since

det<1 1>
r1 ... In

is not a linear combination of the x;’s we cannot apply the rearrangement
inequality of Brascamp, Lieb and Luttinger [3] directly. There exists a gen-
eralisation of it by Christ [7] which is applicable. However, in order to find
all of the optimisers we need to study the cases of equality in the inequality
and the argument of Brascamp, Lieb and Luttinger and the extension of
Christ do not seem suitable for that study. We shall proceed more directly
in order to be able to use the results of Burchard [4], see also [5].

Let us split each of the n integrals over R"~! into integrals over R"2 x
R by separating out the integration in the j-th coordinate. Write x; €
R as (25, 2;;) where x;; is the j-th coordinate of z;. Then we can write
Aa(flv R fn) as
(44)

/ Si(@yy, 21) - fo(@ng, Tnj)

®r-2yn \Jrn  |det (G 4, )|
We can work with the term in parentheses with the additional assumption
that the z;;’s are fixed for all ¢’s and then

det<1 1>
r1 ... In

is a linear combination of x1;,...,xy;.

dl‘lj e dl‘nj> dl‘lj e dl‘nj.
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‘We now recall that if we define
(45)

[(fl,...,fm+1) :/---/fl(xl)...fm(xm)fm+1 ijxj da;l... da:m.
j=1

then
(46) I(fioeoo fmgn) SIS Fngn)-

This is in fact a special case of the inequality of Brascamp, Lieb and Lut-
tinger. However, for this inequality Burchard, [4], has determined the cases
of equality as follows.

Lemma 18. Assume that fi,..., fm+1 are non-negative functions on R”,
fm+1 s symmetric decreasing and we have equality in (45). Then there are
vectors ai,...,am € R"™ such that ) bja; = 0 and fi(z;) = fi(x; — a;) for
alli=1,...,m.

Burchard states her result with each b; = 1 but by making the change of
variables x; — b;x; the theorem reduces to that case.

We take the functions to be fi(z1:),..., fn(Tn; ), and |- [7*. Now,
|-[7 is a symmetric decreasing function so (|-|7*)* = |-|7* and fi(zsj,-)" =
[ (43, ) where, as before, f*/ denotes the Steiner symmetrisation of f with

respect to the j-th coordinate direction. Inequality (46) then tells us that

(47) Aa(frs i fa) S Mol 1)
forany 1 <j<n-—1.

Let S : R* ! — Si_l be the stereographic projection from R”~! to the
northern hemisphere Si_l. To a function f on R"~! we associate a function
F on Si_l defined by

1 _
(48) F(s) = |Js-1(s)[P f(S7'(5))
where Jg-1 is the Jacobian determinant of the map S~1. Then | f|, = || F|l,

and it is easily seen that
(49)

/ fl(ml)l fl(x o){ dzy... dz, = / 1(51) (sa) dsi... dsy.
(Rn—1)n det (901 - ) ‘ (Si—l)n |det(81 A Sn)|

In

Here the relationship 1/p =1 — a/n is key.



22 STEFAN INGI VALDIMARSSON

We can rotate the hemisphere, by rotating the whole sphere and sending
points that are rotated to the southern hemisphere to their antipodal points
that lie in the northern hemisphere. The rotated functions give the same
value for the integral but correspond to new functions on R We will
use U4 f to denote the function we get by rotating F by the rotation that
leaves all basis vectors except the j-th and the n-th ones fixed and rotates
the plane spanned by those two by 7. We will require that v is not a rational
multiple of 7. We note that f +— U f is order preserving.

For a function f we define a sequence (f™),>0 in the following way:

=1 fr=Rno1.. . RAUL SO,
P=RiRn1.. . RUfY, - =Ry RaRua U "2
[P =Rp1.. . RAUL T,

We want to find the LP limit of this sequence. First, let us assume that f
is a bounded function which vanishes outside a bounded set. These functions
are clearly dense in LP. With this assumption we can find a constant C' such
that
(50) f(z) < Cky()
where k¢(x) is a multiple of k(z) from (20) scaled such that ||f|, = [|kf||,-
We notice that k¢(x) is a symmetric decreasing function which corresponds
to a constant function K on on Si_l. It is thus unaffected by R; and Uj.

Since f(xz) > 0 and both R; and U,{ preserve orderings of non-negative
functions we have that

(51) f"(x) < Okf'(x) = Cky(x)

for all z and m so the whole sequence (f™) is dominated by an LP function.
Since

(52) kg = U3 £llp = U3 kg = UJ £llp = ks — £l
and

(53) lkf = R fllp = IRjks = Rifllp < llks = fllp
since rearrangements are contractive in LP space we have that
(54) Tim kg — £

exists and is equal to

(55) inf [k — /.

We call this number A. It is finite since ||ky — fl|, < ||ksllp + || f]lp < oo
We make the following definition:

Definition 19. Let f be a non-negative function. We say that f has the
outward decreasing property if for all z,y € R"~! such that |z;| < |y;| for all
1 <i<nthen f(x)> f(y).
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Note that a function which has the outward decreasing property is invari-
ant under a reflection along any coordinate hyperplane.

Lemma 20. The functions f™ have the outward decreasing property for
m > 1.

Proof. 1t is clear that it is enough to show that g = R{Rof has the property
that if 0 <29 <1, 0 < a9 <y and x; = y; > 0 for i > 3 then g(x) > g(y).

Furthermore, since ¢ = R1(Raf) it is clear that if we also assume that
x1 = yp since increasing the value of the first variable while keeping the
others fixed will not increase the value of g since g is the image of a Steiner
rearrangement in the first variable. So it is enough to study the case x1 = y1,
x; = y; for i > 3 and z9 < 9. Obviously, in this case,

(56) Raf(x) > Raf(y).
Now set A := g(y). Then
|{t : g(t7y27 e ayn—l) 2 )\} = 21/1
SO
H{t: Raf(t, g2,y yn—1) = A} = 2y1.
Since z9 < yo we have that
RQf(tu‘TQuyi% cee 7yn—1) Z RQf(t7y27y37 o 7yn—1)
for all ¢,y3,...,Yn—1 SO
|{t : R2f(t7x27y37 cee ayn—l) > )\} > 2y1
which is
H{t: Raf(t,x2,23,...,00-1) > A} > 211
and this tells us that
g9(x) = RiRaf(z1,...,Tn-1) > A
so g(x) > g(y). This completes the proof of the lemma. O

Using this property and Helly’s selection principle we can find a subse-
quence f™i which converges to some h almost everywhere. We can also
impose the condition that (n — 1) divides m; for all j. It is clear that this A
will also have the outward decreasing property. Since all the functions f™
are dominated by the L? function Ch; we see that h belongs to L” and

(57) A= lim [f7 = kyllp = lIh = k-
However, we also have
A= lim LF7F = kplly = [Ro—1 - RaUyh — kg
SO
A< | Rycr. .. ReUh = kfllp = [Rn-1 ... RiUSh = Rp—1 ... RaUS kgl
<|USh = Uskgllp = b — Ky llp = A
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which tells us that we must have equality everywhere in the chain. In par-
ticular,

1 1

IRAUR — kgl = U — eyl
Equality can only hold here, see eg. [6], provided that that for almost every
T3,...,Tn_1 We have that
1 1

R1U () = Uy h(z).

Thus we have shown that both A and U%h are invariant under the reflection
h(a;l,azg, . ,xn_l) — Tlh = h(—xl,xg, . ,xn_l)

and since Ulﬁ/h = T'U,T'h we see that UE,Yh = U%h SO U21ﬁ/h = U%U%h =
U%Ulﬁ/h = h. Since « is not a rational multiple of m we see that H, the
function on the northern hemisphere associated to h, is constant along curves

which are intersections of the northern hemisphere and translates of the x1x,,
coordinate plane. This also tells us that

(58) h=Uh=RUh aec.

Now we can use the chain of equalities

(59)  [[Ruos ... RaUMh — kyllp = -+ = [[RaUMh — kg, = U2 — Kglp
to see that

(60) Rn-1...RiUh=---=RUh=Uh=h ae.

We also have

(61) RoUZRn—1... RiUSh = UiRp—1 ... RAU K

so the same argument tells us that the function on the northern hemisphere
associated to Rp_1... RlUﬂ}h is constant along curves which are intersec-
tions of the northern hemisphere and translates of the xzox,, coordinate plane.
Since R,_1 . ..RlUﬂ}h = h a.e. we see that H is a.e. constant on 3-spaces
which are parallel to the x129z,-coordinate 3-space.

From this discussion the induction is evident and the result will be that
H is a.e. constant on the northern hemisphere and since h has the outward
decreasing property we see that H must be constant everywhere and h must
have the form Cky for some C. Since ||hl|, = limj_o ||f™ |, = || fll, =
|k¢llp we see that C'=1 and h = ky.

This tells us that A = 0 and since (||kf — f™||p)o—y is a decreasing
sequence with a subsequence which tends to 0 we see that the whole sequence
(f™) tends to ky. We have thus shown that for any f in the dense class of
LP functions we started with that f™ — ky. Since |[kf — K ll, < [If — f'[lp
for any f, f' € LP we see that for any f € LP we have that f™ — ks in LP.

Now

(62) H - ) S RO f

for every m > 0 so

(63) H(fr, . fn) < H(kp, .. k) =H(k,... k).
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This tells us that (k,...,k) is an optimiser for A,.
Now let us find all the non-negative functions which furnish the best
constant. Using Lemma 18 we can see that

Aa(fla"'afn) :Aa( fja"'af:;j)

can hold only if f;(z) = f:j (x — asej) where e; is the j-th coordinate vector
and the a;’s satisfy

1 1
T11 e Tnl
T15— N N
(64) det | "1t miml =,
aj e (7%
1,541 .- Ln, 541
Tinm—-1 -+ Tpn-1

This conclusion holds provided that all the adjoint matrices of the a;’s are
nonzero and that is true for almost any z1,...,x, € R*L.

Now, let us say that for some x9;,...,2,; where we do not specify the
Jj-th coordinate in each vector, we have found that f;(x;;,-) has centre at a;
for 2 <i < n. Then we can see that for any z;; the centre of fi(z1;, ) must
be at the point a; such that all the (z;;, ;) lie in some (n — 2)-dimensional
hyperplane. Then, by moving the z;;’s around one by one for 2 < i < n we
can see that there must exist a hyperplane where all the points (x;;,a;) lie.

This tells us that if (f1,..., f,) is an optimiser for our operator then the
functions have the form f;(x;) = h;(Mx;+b) where the h;’s have the outward
decreasing property, M is an (n — 1) x (n — 1) matrix with determinant 1
and b € R, '

Now, the transformations f +— Ui f and f +— f(M - +b) span a group G.
It is now clear that for an optimiser (fi,..., f,) the rearrangements R; f;
will be of the form T} f for some g € G and thus the whole sequence (f™)m>0
will be of the form T}, f; for some g, € G, the same g,, for each i.

Since the elements of G are isometries of LP we have that

0= tim ||~ kpllp =l ||fi —T,oiky,

We shall see that for any g € G we have

(65) Tyky(x) = ((f)TATA (”f)) E

for some real n x n matrix with determinant 1. .
Let fa(z) = [|A(T)] 7. Then fa(Mz+b) = [|[A (M{*0)|"» = [|A"(F)[I"»
with A’ = A (Y ) so A’ is again a real n x n matrix with determinant 1.
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Now consider UZ, for some j. Without loss of generality we can take j = 1.
Then

1 14w\
Ulfa(z) = ( >
=TT R AP

where () is the point in R™ we get by starting with (7 ), projecting it to
the hemisphere, that is, to L (1), then rotating in the xjx,-plane by

V 1+]|z|?

—a, this sends

()
1+ [z2 \1 1+ 22\ 4
to
1 cos ar] + sin «
— 731 )
V1 [zf? —sinawy + cos a

and finally projecting this point to the plane (), which sends it to

(cos ary 4 sina) /(— sin axy + cos @)
Z1/(—sinaxy + cos @) ;
1

SO W = (—Sinaﬂjl + COSOz)_l <cosam1+sma) = wgl (w1). Since w% _|_ng —

1 T1
z? + 1 we have that

n

2p

1 1+ w? \ 1 1+a2+ |3 wiy ([~ 2
L+ 22 A E) ~ | 1+1=P w12 :H‘4<w)H
AT z HA<“>H "
Wn,
and since
w1 cos ax] + sin« cosa 0 sina T
1| = T = 0 1 0 1
W, —sinaxi + cos a —sina 0 cosa 1
we get
Vfa(x) = :
(0%
1A (DI
with

cosa 0 sina
A=A 0 I 0
—sina 0 cos«
and again A’ has determinant 1.
Since the set of functions { fa(z) = [|[A(T) | 7|4 an n x n matrix, det A = 1}

is closed in LP and ky belongs to this set we have shown that all optimisers
have the form prescribed in the theorem.
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Let us now see that all functions of the prescribed form are optimisers.
It is clear that we can take ¢; = 1. Let us therefore again take fa(x) =

|A(T) H_% Then it is enough to show that || fall, = || fr|l, and
Aa(an-">fA) :Aa(ffa"'afl)

where I is the n x n identity matrix because we know that (fr)" is an
optimiser. To prove the equality we note first of all that A, (f1,..., fn) is
invariant under the transformation (f1,..., f,) — (fit(M-+b),..., fun(M-+
b)) where as before M is an (n — 1) x (n — 1) matrix with determinant 1
and b € R" 1. We note also that these transformations preserve the LP-
norm of the functions. By using this invariance we may make the additional

assumption that A has the form <dol dgl) with positive scalars d; and ds

where I denotes the identity matrix of size n — 1. Since we have that
det A = 1 we get the relation dj(dy)?™1) =det A = 1.

So we want to consider A, (fa,...,fa) which equals
1 d 2 1 d 2 Rz
£ + [[d2z1 ] ) ... dg(nfl) + [|d2zn |
/ ‘(1 1)|a d:l?ldl‘n
Tl ... Tp
We make the change of variables djz; = y;. Then dg(n_l) dz; = dy; and
Y1 - Yn T ... Tp

We thus get

n

1 2p _n
(W) (L+ lyal®) - (1 + yall?) "% dyr ... dy,

Aalfacesdn) = |

B e ()T e
n-1)( 22 —n24na
_ )y,

Now note that "Tf —n?+na=n%*1-2)—n?+na=0so that we have the
desired equality of the forms.
Finally, we calculate

_ 1 2 o
alo= | (W + ] ) d
= [ lagal?) E O de = 51,

where we have used the same change of variables as above. This completes
the proof. O
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Let us now examine the form Ag, defined in (12). We have for any
functions F; defined on S”~! that

Asa(FL, ... Fy) :/ Fl(sl)"'F"(S’g) ds ... ds, = Aga(F, ..., Fy)
(57 1)n |det(sy...8n)]
where Fj(s;) = Fj(s;) + Fi(5;) and 5, is the antipodal point of s;.

We note from the preceding proof that (f1,...,fn) is an optimiser for
A if and only if (F, ..., F,) is an optimiser for Aga where f; and Fj are
related by (48). Furthermore, for any s = (s1,...,s,) € S}~ 1 we have
that S71(s) = s/s, and |Jg-1(s)| = s,;" by the same calculation as in the
previous section so if f; has the form f;(z) = ¢||A(7) | ~% asin (21) then
the corresponding F; has the form Fj(s) = ciHAsH_%

Finally, we note that since p > 1 then

I ()] Lo g1y = IIFi(8) + Fi(8) || o gn— <277 | Fi(s )| ze(sn-1)
(s Cai

and there is equality here if and only if F(s) = F(5) for almost all s € S"~1.
Thus we can state the analogue of Theorem 8 for Ag, as follows.

Theorem 21. The n-tuple of constant functions is an optimiser for the
operator Ag o and the tuple (Fi,...,F,) of non-negative functions is an op-
timiser for Ag  if and only if there exists an nxn matriz A with determinant
1 and ¢; > 0 for 1 <i<mn such that

(66) Fi(s) = ciHAsH_% for each 1 <i < n.
For Ap , similar reasoning gives.

Theorem 22. The tuple (Fy,...,F,) of non-negative functions is an opti-
miser for Am o if and only if there exists an n xn matriz A with determinant
1 and ¢; > 0 for 1 < i <mn such that

(67) Fi(s) = CiHASH_% for each 1 <1i <mn.

Note that ||As| denotes the Euclidean norm of As viewed as an element
of R™.

3.1. Inequality (23). Provided that the integrability conditions are satis-
fied, it is easy to see that the only modifications we need to make to the
argument above in order for it to apply to (23) are in Lemma 18 which is
not general enough to apply to this case.

We generalise it as follows

Lemma 23. Assume that f1,...,fn and g1,...,9s are non-negative func-
tions on R™ and that g1,...,gs are symmetric decreasing. Define

I(fr, - fNsg, - 9s) —/(n ka T ng (szk$k> day--- day
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Then
(68) I(fl?"'?fN;Ql?"'?QS) SI(fik7"'7th7;gl7”’7gS)

and if each g, is strictly symmetric decreasing and if for each k there exists
an i such that by, # 0 then there is equality here if and only if there exist
vectors ai,...,any € R™ such that

N
Z bikak =0
k=1

foralli=1,...,s and fr(zx) = fif(zx —ag) forallk=1,...,N.

Note that inequality (68) is just a special case of the Brascamp-Lieb—
Luttinger inequality but what is new here is the determination of the cases
of equality.

Outline of proof. By writing

Suler) = /0 ooty () A

we may assume that each fi, = x4, is the characteristic function of an open
bounded interval. We are assuming we have equality in (68) which means
that

I(XArs s XAN3 915+, 9s) = T(Xap, - XA 1915 -5 Gs)-
If we decompose

gi = g1 + gi2 = (9i — 0)X{gi>s} + (9iX{gi<s} T OX{gi>5})
then both constituents of this sum are symmetric decreasing so that inequal-
ity (68) holds with g; replaced by either constituent.

Thus, in order for equality to hold in (68) there must be equality when
we replace gs, ..., gs With gos, ..., gs2. By choosing § small enough, we may
assume that if xj, € Ay, then g;(>, birxy) > 0 for all i. This means that for
i > 1, g;o is constant whenever x; € Ay so we get

I(XA17"‘>XAN;9179227-"ags2)

= 63_1/( . IT fr@x)a (Z buﬁ%) dzq -+ dzpy,.
R =1

k=1
and Lemma 18 applies to this case to give us that for every k such that
bir # 0 then there exists a vector a; € R™ such that >, bizar = 0 and
fe(zr) = fi(wp — ag).
The result follows. O

With this lemma we may deduce as before that if
Ay(fryee s IN) = A £

then we must have fi(z) = f,:j(:nk — age;) where the a;’s satisfy a system
of equations of the same form as equation (64) where the column indices
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in each equation are those of some P € P. Then, given that I, cannot
be factorised, we get the same conclusion as before, namely, that all points
(@k;, ax) lie in some (n — 2)-dimensional hyperplane.

The rest of the argument carries through unmodified.

Finally, let us show why conditions (26) are necessary and sufficient for

the kernel of (25) to be locally integrable. The condition a < 1 is necessary,

since det (}C ; %)_1 is not locally integrable. (It is the kernel of the singular

integral operator we studied in Section 2 in the case n = 3.)

If o+ B +~+0 > 2 then let us consider the integral of the kernel when x
lies in a small ball around the origin and the other variables lie in the first
quadrant, in a thin annulus of radius one, centred at the origin. Then we
note that the triangle whose vertices are y, z and w is covered by the other
triangles whose areas appear in the kernel. So assume to begin with that
60=0. Let y=xz+ ri01, z=x + refy and w = x + r363. Then

/ dzdydzdw
B |det (L1 1)]* [det (L1 2)]7|det (L1 1)

Z Ty w T zw
_C/ r1727T3 d?‘l d?‘g d?‘g d@l d92 d@g
By e el | sin(0) — 02)|| sin(6 — 03)|7] sin(02 — 0)[7

If we further restrict attention to the set where the triangles formed by x and
two of the other three variables are all comparable in size, which follows from
assuming that 6, = ¢1+603 and 02 = ¢o+603 where (p1, Pp2) = (¢ cosn, ¢sinn)
and —¢ > n > —% then we can estimate this integral from below by a

multiple of

de1 dgo o
/E’ |1 — Pa|®|p1 |8 || > C/Wd@dn

and this is finite only if « + 3+ v < 2.

Note that the singularity occurred in a region where the triangle formed
by y, z and w is smaller than (a fixed multiple of) of any of the other
triangles formed. Therefore, if we had had the full kernel, with § non-zero,
then we would have had the result that the integral could be finite only if
a+fB+v+06>2

To prove the sufficiency of the conditions, we see that by convexity,
Holder’s inequality and symmetry it is enough to establish that the ker-
nel is bounded in the case v = =0, o, 8 < 1. In this case, the substitution
y=x+71101, 2 =x 4+ 1202 and w = = + r3f3 gives the integral

/ rirors dT‘l dT‘g dT‘g d@l d@g d93
E r‘f‘+ﬁr§‘r§| sin(f; — 62)|«|sin(0; — 63)|8

and this is clearly bounded.
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